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Abstract
We analyse the decay of the flow behind a moving body B in a domain Ωh filled
with a Newtonian incompressible fluid, where the body is partly immersed in the
fluid. The only force acting in this setting is the body moving forward with constant
velocity v∞. To neglect the influence of the bottom and walls of the domain, we
assume that the container filled with fluid is infinitely deep and wide. The shape of
the surface of the fluid and the position of the body are unknowns of the problem.
Our aim is to find a solution to the free boundary value problem and to specify the
asymptotic behaviour of the solution. The equations of motion in the fluid are given
by the Navier-Stokes equations.
We follow the usual approach to show existence of a stationary solution to a free
boundary value problem by showing convergence to an iteration process: First we
consider the problem on a fixed domain. We solve the Navier-Stokes equations and
obtain the velocity u and the pressure p. This solution is then used to calculate the
surface and the position of the body in a new domain. In the new domain we again
solve the Navier-Stokes equations and so on. If we can show convergence to the
sequence of solutions, we get a stationary solution to the free boundary problem.
In the main part of the thesis we investigate the asymptotic structure of the static
solution on a fixed domain. With the help of a reflection argument we show a
representation formula for the velocity on the basis of a representation formula in
an exterior domain. The result is exactly what we would expect: The behaviour of
the solution at large distance from the body corresponds to the one in an exterior
domain, but is perturbed by a term that depends on the surface of the fluid h. When
we consider the Oseen equations as a linearisation we can also prove a wake region
behind the body. It has the shape of a half paraboloid again perturbed by terms
depending on h. As the asymptotic representation formula holds on Ωh we can also
describe the asymptotic structure on the surface of the fluid.
The last chapter deals with a two dimensional problem of a similar type. We show,
that the decay behind a floating body in a two dimensional layer is exponentially
fast. As we consider a layer instead of a half-space, we have a Poincare´-inequality,
which directly gives uniqueness of the solution. Therefore we concentrate on the
asymptotic structure of the solution in this chapter.
i
Kurzfassung
Wir analysieren das Abklingverhalten der Stro¨mung hinter einem schwimmenden
Ko¨rper B in einem Gebiet Ωh in einer inkompressiblen Newtonschen Flu¨ssigkeit.
Die einzige wirkende Kraft ist die Vorwa¨rtsbewegung des Ko¨rpers mit konstanter
Geschwindigkeit v∞. Um den Einfluss des Bodens und der Wa¨nde in dem Gebiet
auszublenden, nehmen wir an, dass der Beha¨lter mit der Flu¨ssigkeit unendlich tief
und breit ist. Die Oberfla¨chenform der Flu¨ssigkeit und die Position des Ko¨rpers sind
Unbekannte des Problems.
Unser Ziel ist es, eine Lo¨sung des freien Randwertproblems zu finden und das asymp-
totische Verhalten der Lo¨sung zu analysieren. Die Bewegungsgleichungen in der
Flu¨ssigkeit sind durch die Navier-Stokes-Gleichungen gegeben.
Mit einem Iterationsverfahren zeigen wir die Existenz einer Lo¨sung des freien Rand-
wertproblems: Zuna¨chst betrachten wir das Problem auf einem festen Gebiet. Wir
lo¨sen die Navier-Stokes-Gleichungen und erhalten die Geschwindigkeit u und den
Druck p. Mithilfe dieser Lo¨sung berechnen wir die Oberfla¨che und die Position
des Ko¨rpers in einem neuen Gebiet. In dem neuen Gebiet lo¨sen wir abermals die
Navier-Stokes-Gleichungen. Wenn wir zeigen ko¨nnen, dass diese Folge der Lo¨sungen
konvergiert, erhalten wir eine stationa¨re Lo¨sung des freien Randwertproblems.
Um das asymptotische Verhalten der Lo¨sung zu analysieren, zeigen wir mit Hilfe
eines Spiegelungsargumentes eine Darstellungsformel fu¨r die Geschwindigkeit. Das
Abklingverhalten der Lo¨sung entspricht dem im Außenraum, abgesehen von einem
Term, der von der Oberfla¨che der Flu¨ssigkeit h abha¨ngt. Wenn wir die Oseen-
Gleichungen betrachten, ko¨nnen wir auch einen Nachlauf hinter dem Ko¨rper be-
weisen. Er hat die Form eines halben Paraboloids, gesto¨rt durch einen von h
abha¨ngigen Faktor. Da die asymptotische Darstellungsformel auf Ωh gilt, ko¨nnen
wir auch die asymptotische Struktur der Geschwindigkeit auf der Oberfla¨che der
Flu¨ssigkeit beschreiben.
Das letzte Kapitel bescha¨ftigt sich mit einem a¨hnlichen zweidimensionalen Prob-
lem. Wir zeigen, dass die Geschwindigkeit hinter einem schwimmenden Ko¨rper in
einer zweidimensionalen Schicht exponentiell schnell abklingt. Da wir eine Schicht
anstelle einer Halbraumes betrachten, gilt die Poincare´-Ungleichung, die direkt die
Eindeutigkeit der Lo¨sung liefert. Daher untersuchen wir nur die asymptotische
Struktur der Lo¨sung.
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1 Introduction
1.1 Motivation
The behaviour of a flow in a Newtonian fluid, that is induced by a moving body,
partly or completely immersed in the fluid, has been worked on for a long time. One
of the first mathematicians and physicians concerned with this problem was Oseen,
who already in 1937 found exact representations of solutions to the - in that time -
so called generalized Stokes equations. The model problem always was and still is a
body that is moving in an infinite container filled with fluid. Oseen thought about
the influence of a bottom of the domain on the fluid flow. In his book [Ose27] he
analyses the flow around a small ball that is moving next to a wall and he obtains
an explicit representation of the solution.
Later the model problem of the moving body in the whole space was analysed very
elaborately by Finn and by Galdi, the decay behind the body was especially the topic
of [Gal11] and [Fin65]. It turns out, that in three dimensions the velocity decays like
|x|−1, which is the same asymptotic behaviour as shown by the fundamental solution
to the Oseen equations. Finn calls the solutions to this model problem physically
reasonable solutions, or in short PR-solutions. The velocity shows a different decay
depending on the direction behind the moving body. Outside a paraboloidal region
behind the body the velocity decays like |x|−2, inside the so called wake region
the decay gets slower the more the direction approaches the horizontal axis. This
behaviour is exactly what you can observe in reality and is therefore physically
reasonable.
The case of a layer like domain was worked on by Nazarov and Pileckas in [NP99a]
and [NP99b]. Here we can see very clearly the influence of a restriction of the domain
in one dimension, but they do not consider a moving body in the layer. Instead, the
flow is induced by an external force. For example they prescribe the flow through the
cross section of the layer. They find out, that the flow has a profile of the Poiseuille
type and that the velocity has no component in the direction normal to the bottom
and the top of the layer. Unfortunately their argument does not work any longer,
if we assume, that the flow is induced by a moving body, because in this case the
velocity in the normal direction does not vanish.
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A paper of Hillairet and Wittwer [HW09] deals with the velocity normal to the
bottom of a domain, that is unbounded in every other direction. They consider a
body moving next to a wall, for example a bubble that rises up parallel to a wall.
They prove, that the rate of decay in the normal direction is like |x|−3/2, which is,
as expected, better than in an exterior domain.
Aside of moving bodies we focus on another important topic in the analysis of fluid
mechanics. The boundaries of the domains we consider will consist not only of the
boundary of the moving body, but also of a free boundary. The domain in that case
becomes also an unknown of the problem.
There are various papers on free boundary value problems, especially in the most re-
cent years by Galdi, by Bemelmans and by Kyed. Already in 1991 Gellrich analysed
the decay of a fluid flow in a layer with a upper free boundary in her dissertation.
Her work is by many aspects the basis for our results. In [Gel91] she determines
the decay of a flow induced by an external force in an infinite layer. The layer has
a fixed bottom and a free upper surface. She finds out, that the decay of the flow
and the free surface are exponential. In contrast to our problem, there is no float-
ing body and the external force is of compact support or decays exponentially fast.
The second difference is the shape of the domain: In a layer we can use a Poincare´-
inequality, whereas in a half-space as in our case Poincare´’s inequality does not hold.
Nevertheless the techniques to deal with the free boundary problem are essentially
the same for both problems.
1.2 Statement of the problem
We consider two different problems to analyse the decay of a flow behind a moving
body, one in three dimensions and another in two space dimensions. For the three
dimensional case we consider a rigid body B floating on a Newtonian incompressible
fluid. The body is assumed to be convex and have a C2-boundary. The only force
acting in this setting is the body moving forward with constant velocity v∞ in the
direction of the negative x1-axis. In this context, we are not interested in how this
movement is realized, we imagine for example a stick that is attached to the highest
point of B, that pushes the body in a constant movement. The angle between the
free surface and the body is assumed to be pi2 . To neglect the influence of the bottom
and walls of the domain, we assume, that the container filled with fluid is infinitely
deep and wide.
We can also allow for an external force f to be acting in the fluid. As this does
not represent a natural phenomenon we consider the problem with a right hand side
f 6= 0 only for technical reasons in some cases.
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B
v∞
Figure 1.1: Constantly moving body
Our aim is to find a solution to the free boundary value problem and to specify the
asymptotic behaviour of the solution. The equations of motion in the fluid are given
by the Navier-Stokes equations
−ν∆u+ (u · ∇)u+∇p = f in Ωh,
where ν is the viscosity, u is the velocity vector-field, p is the pressure and f is the
external force mentioned above. Ωh is the domain that is filled with the fluid. As
we only consider incompressible fluids, u has to fulfil the condition
∇ · u = 0.
The boundary ∂Ωh consists of the wetted part of ∂B, which we call ΓB := Ωh ∩ ∂B
and of the free surface Γh. On ΓB we assume no slip boundary conditions, on the
free surface we have a kinematic boundary condition that ensures, that there is no
flow through the free surface and a dynamic boundary condition, that is, in our case,
realized by a tangential stress condition. We further assume, that the fluid is at rest
at infinity.
We assume a coordinate system attached to the body. Therefore we choose the
origin to be in the center of B and get the following system of equations on the
domain Ωh
−ν∆v + (v · ∇)v +∇p = f in Ωh
∇ · v = 0 in Ωh
v = 0 on ΓB
v · n = 0 on Γh
τ (i) · T (v, p) · n = 0 on Γh for i = 1, 2,
v → v∞ for |x| → ∞,
where n is the outer normal on the free surface Γh, τi, i = 1, 2 are the tangential
vectors and T (v, p) is the stress tensor
T (v, p) = −p1 + ν
2
(∇v + (∇v)T ) .
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In the free boundary value problem the domain is also an unknown of the problem,
we need a further condition to calculate the free surface and the position of the
body, that is given by a function h : R2 → R.
h(x1, x2)
(x1, x2)
x3
Figure 1.2: Function h, that describes the surface of the fluid
The condition for h is given by
n · T (v, p) · n+ ρgh = 2κH(h)
where H(h) is the mean curvature
H(h) := ∇ · ∇h√
1 + |∇h|2
of h, ρ is the density of the fluid and g is the gravitational acceleration, κ stands for
the capillarity constant of the fluid.
As we have our coordinate system attached to the body and the domain is infinitely
deep, the position of the body in the fluid is only characterized by the position of
the contact line Σ between the surface of the fluid and the boundary of the body.
We do not allow the body to change its orientation or to rotate. This restriction is
already realized by the prescribed motion of the body. We can again imagine the
body to be attached to a stick and just to let it move up or down, while the stick is
moving forwards with the prescribed velocity v∞.
The position of the contact line is calculated with a variational approach by Bemel-
mans, Galdi and Kyed ([BGK11]). They show that the solution of the variational
problem satisfies the equation for the function h mentioned above.
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1.3 Outline of the thesis
We follow the usual approach to show existence of a stationary solution to a free
boundary value problem (see for example [Gel91]) by showing convergence to an
iteration process: First we consider the problem on a fixed domain Ωh. For simplicity
the boundary of the domain is assumed to be planar in the first step except for the
floating body B. We solve the Navier-Stokes equations and obtain the velocity u
and the pressure p on the domain Ωh. This solution is then used to calculate the
surface and the position of the body in a new domain. The calculation of the surface
is more complicated than in [Gel91] because of the floating body. The existence of
a solution to the corresponding problem is established in [BGK11] with the help
of a variational approach. In the new domain we again solve the Navier-Stokes
equations and so on. If we can show convergence to the sequence of solutions, we
get a stationary solution to the free boundary problem. We can of course analyse
the properties of this stationary solution if we consider a solution on an arbitrary
fixed domain. The dependence on the boundary of the domain is in our case a
dependence on the surface of the fluid and the position of the body as the domain
is unbounded in every other direction.
We use the Banach fix point theorem to show convergence to the sequence of solu-
tions and so we need to compare the velocities and the pressures on different domains
and to different data. Therefore we transform the domain onto a reference domain,
that is, in our case, the half-space R3− where the floating body is transformed onto
a ball of radius one. We chose this transform, because we have to make sure, that
the contact angle between the surface of the fluid and the boundary of the body
does not change. The velocity and pressure are transformed with the help of Piola’s
identity (see [Sim05]) and the transformed Navier-Stokes equations are calculated
in [Bem87].
With the help of this mapping we can use a reflection argument to show regularity
and uniqueness of the solution on every fixed domain. A similar reflection argument
was established in [Jin05], the regularity and uniqueness arguments we can use after
the reflection can be found in [Gal11].
In the next chapter we investigate the asymptotic structure of the static solution on a
fixed domain. Again with the help of a reflection argument we show a representation
formula for the velocity on the basis of a representation formula in an exterior
domain (see[Gal11]). The result is exactly what we would expect: The behaviour of
the solution at large distance from the body corresponds to the one in an exterior
domain, but is perturbed by a term that depends on the surface of the fluid h. When
we consider the Oseen equations as a linearisation we can also prove a wake region
behind the body. It has the shape of a half paraboloid again perturbed by terms
depending on h. As the asymptotic representation formula holds on Ωh we can also
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describe the asymptotic structure on the surface of the fluid. We can also estimate
the asymptotic behaviour of the function h that describes the surface of the fluid
with the help of an indirect proof.
The last chapter deals with a two dimensional problem of a similar type. We show,
that the decay behind a floating body in a two dimensional layer is exponentially
fast. The technique here is different from the three dimensional case, we use an
approach of Galdi ([Gal08]). As we consider a layer instead of a half-space, we have
a Poincare´-inequality, which directly gives uniqueness of the solution. Therefore we
concentrate on the asymptotic structure of the solution in this chapter.
6
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In what follows we denote the domain filled with fluid by
Ωh := {x ∈ R3 : x3 < h(x1, x2)} \B,
where B is the body floating on the fluid and h : R2 → R is the surface function.
For simplicity we write x′ := (x1, x2), then we have h ≡ h(x′). The flat reference
domain, that we need to show regularity and uniqueness of the solution, is
S := R3− \B1(0).
ΓB
Γh
(x1, x2)
x3
Figure 2.1: The domain Ωh
The boundaries of the domains are
ΓB := Ωh ∩ ∂B, Γh := {x ∈ R3 : x3 = h(x1, x2)} \B
and
Γ1 := ∂B1(0) ∩ R3−, Γ0 := R2 \B1(0)
respectively.
The mapping from Ωh onto S is denoted by φ : S → Ωh whereas the inverse mapping
ψ : Ωh → S maps Ωh onto the reference domain.
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ΓB
Γh
(x1, x2)
x3
Ωh
(x1, x2)
x3
S
Γ1
Γ0
ψ
φ
Figure 2.2: Ωh and the reference domain S
We define the following function spaces: For k ∈ N or k = ∞ and Ω a domain like
Ωh or S we define
Ck0 (Ω) := {u ∈ Ck(Ω) : supp u ⊂⊂ Ω}
and
Ck0 (Ω) := {u|Ω : u ∈ Ck0 (R3)}.
Moreover we set
W 1,2(Ω) := {u : Ω→ R3 : ||u||W 1,2(Ω) <∞}
with the norm
||u||W 1,2(Ω) :=
(∫
Ω
|∇u|2 + |u|2 dx
) 1
2
W 1,2(Ω) is a Hilbert space with scalar-product
〈u, v〉W 1,2(Ω) :=
∫
Ω
∇u · ∇v + u · v dx.
We define the quotient space
D˜1,2(Ω) := {u : Ω→ R3 : |u|D1,2(Ω) <∞}
with the semi-norm
|u|D1,2(Ω) :=
(∫
Ω
|∇u|2 dx
) 1
2
and the normed space
D1,2(Ω) := D˜1,2(Ω)/R
that contains all equivalence classes [u] of functions in D˜1,2(Ω), that satisfy
||[u]||D˜1,2(Ω) = 0 ⇒ [u] ≡ 0.
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We denote by u a representative of the class [u].
D1,2(Ω) is a Hilbert space with the scalar-product
〈u, v〉D1,2(Ω) :=
∫
Ω
∇u · ∇v dx.
As the fluid is incompressible we consider solenoidal functions. We define
Ck0,σ(Ω) = {u ∈ Ck0 (Ω) : ∇ · u = 0 in Ω}
and in the same way
W 1,2σ (Ω) := {u : Ω→ R3 : ||u||W 1,2(Ω) <∞, ∇ · u = 0 in Ω}
and
D1,2σ (Ω) := {u : Ω→ R3 : |u|D1,2(Ω) <∞, ∇ · u = 0 in Ω}.
We show, that the functions in W 1,2σ (Ω) and D
1,2
σ (Ω) can be approximated by func-
tions from C∞0,σ(Ω), at least for the domain Ω as it is specified above. In [Gal11,
Theorem III.4.3.] the result is shown for a halfspace. To obtain the result for the
domain Ω we have to check the conditions i)-iv) in [Gal11, p.198]. We treat the case
W 1,2σ (Ω), the case D
1,2
σ (Ω) going completely analogously.
(i) It is clear, that ΩR and ΩR,2R as defined in [Gal11] are domains.
(ii) We have to check, that problem [Gal11, (III.4.2)] has a solution with a constant
c independent of R. This is the case, if we can apply [Gal11, Theorem III.3.1].
Ω and also ΩR and Ω2R consist of a set of starshaped domains with Lipschitz-
boundary, as the only critical part of the boundary is the contact line Σ, where
we have a right angle. Therefore [Gal11, Theorem III.3.1.] holds.
(iii) As we have the Poincare´-inequality [Gal11, (II.5.5.)] in the domain ΩR,2R, the
constant c2 in [Gal11, (III.4.3)] is independent of R
(iv) As Ω2R is a compact domain with Lipschitz-boundary
W 1,2σ (Ω2R) = C
∞
0,σ(Ω2R)
||·||W1,2(Ω2R)
by [Gal11, Theorem III.4.1.].
All conditions are satisfied and we have
W 1,2σ (Ω) = C
∞
0,σ(Ω)
||·||W1,2(Ω)
and
D1,2σ (Ω) = C
∞
0,σ(Ω)
|·|D1,2(Ω)
.
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We want to consider functions with homogeneous Dirichlet boundary data on ΓB
and mixed boundary data on Γh. We set
Ckσ,Γ(Ω) := {ϕ ∈ Ck0,σ(Ω) : ϕ = 0 on ΓB, ϕ · n = 0 on Γh}
and we define the Sobolev spaces
W 1,2σ,Γ(Ω) := C
∞
σ,Γ(Ω)
||·||W1,2(Ω)
and
D1,2σ,Γ(Ω) := C
∞
σ,Γ(Ω)
|·|D1,2(Ω) .
The dual space
(
D1,2σ,Γ(Ω)
)′
of D1,2σ,Γ(Ω) contains all linear functionals on D
1,2
σ,Γ(Ω)
and is equipped with the norm
||l||
(D1,2σ,Γ(Ω))
′ := sup
|u|D1,2(Ω)=1
|l(u)|.
We have ([Gal94a][Theorem 2.5, p.39])(
D1,2σ,Γ(Ω)
)′
= D1,−2σ,Γ (Ω).
For the (weak) derivative of a function u in the direction xi we write ∂iu, the whole
gradient is ∇u.
As we are not interested in the explicit calculation of all constants, we use the generic
constant c ∈ R, that may change during a calculation.
In most cases we consider a coordinate system, that is attached to the moving body.
In that case, we call the velocity v. If we shift the velocity to obtain a vector-field
that vanishes at infinity, we designate the resulting vector-field as u := v − v∞.
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In this chapter we want to show, that there exists at least one weak solution to the
Navier-Stokes equations in Ω := Ωh, where we assume, that Ωh is a given domain
with a fixed height function h = h(x′). For simplicity we set v∞ = (1, 0, 0)T .
We start by defining a weak solution to the Navier-Stokes equations in the domain
Ω.
Definition 3.1. A weak solution to the Navier-Stokes equations with right hand side
f ∈ D−1,20 in Ω is a function v ∈ D1,2σ,Γ(Ω) with
ν
∫
Ω
∇v · ∇ϕdx+
∫
Ω
(v · ∇)vϕ dx =
∫
Ω
f · ϕdx
for all ϕ ∈ D1,2σ,Γ(Ω) and
lim
r→∞
∫
∂Br(0)
|v − v∞| dx = 0.
For a weak solution u to the Navier-Stokes equations the boundary conditions
v = 0 on ΓB
v · n = 0 on Γh
τ (i) · T (v, p) · n = 0 on Γh for i = 1, 2,
hold in a weak sense (see [Bem81, Definition 2.]).
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We have the following existence theorem:
Theorem 3.2. Let f ∈ D−1,20 (Ω), |h(x′)| = O
(
|x′|− 32
)
, |∂ih| = O(|x′|− 52 ) for
i ∈ {1; 2}. Then there exists at least one weak solution to the Navier-Stokes equations
−ν∆v + (v · ∇)v +∇p = f in Ω
∇ · v = 0 in Ω
v = 0 on ΓB
v · n = 0 on Γh
τ (i) · T (v, p) · n = 0 on Γh for i = 1, 2,
v → (1, 0, 0)T for |x| → ∞.
Proof. (I) In the first step we change the data of the problem to obtain ho-
mogeneous boundary conditions on every part of the boundary, including
v → (0, 0, 0) for |x| → ∞.
As in [Gel93, Lemma 3.1.1] we therefore want to find a flux-carrier-function
g ∈ D1,2(Ω) with the following properties:
∇ · g = 0 in Ω
g = 0 on ΓB
g · n = 0 on Γh
g → (1, 0, 0)T for |x| → ∞.
In order to fulfil g → (1, 0, 0)T we redefine g on the domain S∗ which has a
flat surface for large |x′|. We define the transform
F : S → Ω
(x∗1, x
∗
2, x
∗
3) 7→ (x∗1, x∗2, x∗3 + h(x∗1, x∗2)χ(x∗1, x∗2)),
where χ(x∗1, x∗2) is a cut-off function with
χ(x∗1, x
∗
2) =
{
0 for |x∗′| < δ
1 for |x∗′| > 2δ
for some δ > 0.
We have
∇F (x∗1, x∗2, x∗3) =
 1 0 00 1 0
∂1hχ+ ∂1χh ∂2hχ+ ∂2χh 1

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−δ δ−2δ 2δ
χ = 0 χ = 1
Figure 3.1: Cut-off function χ
and det∇F = 1.
Then ζ : Ω→ R3 is defined by (see [Sim05])
ζ(x1, x2, x3) := ∇F (F−1(x1, x2, x3))ζ∗(F−1(x1, x2, x3))
[
det∇F (F−1(x1, x2, x3))
]−1
,
where ζ∗ : S∗ → R3 is a vector field on the (for large |x′|) flat domain S∗. To
make sure ζ is solenoidal it is now sufficient to make ζ∗ solenoidal. We set
q∗(x∗1, x
∗
2, x
∗
3) :=
 0−x∗3ρ(|x∗|)
0
 ,
where ρ is a cut-off function with
ρ(|x∗|) =
{
0 for |x∗| < 3δ
1 for |x∗| > 4δ
and
ζ∗(x∗1, x
∗
2, x
∗
3) := ∇× q∗(x∗1, x∗2, x∗3) =
ρ(|x∗|) + x∗3∂3ρ(|x∗|)0
−x∗3∂1ρ(|x∗|)
 .
For ζ∗ there holds
∇ · ζ∗ = 0 in S∗
ζ∗ = 0 on F−1(ΓB)
ζ∗ · n = 0 on F−1(Γh)
ζ∗ → (1, 0, 0)T for |x∗| → ∞.
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−δ δ−2δ 2δ
χ = 0 χ = 1
−3δ 3δ−4δ 4δ
ρ = 0 ρ = 1
Figure 3.2: Cut-off function ρ
As h(x′)→ 0 for |x′| → ∞ and
lim
|x|→∞
ζ = lim
|x|→∞
ζ∗ +
 0 0 00 0 0
∂1hχ+ ∂1χh ∂2hχ+ ∂2χh 0
 · ζ∗
=
10
0
+ lim
|x|→∞
 00
∂1hχ+ ∂1χh
 ,
the function ζ goes to (1, 0, 0) for |x| → ∞, whenever |x′| < δ or |x′| → ∞. We
have to make sure, that ζ → (1, 0, 0)T for |x| → ∞ also for |x′| = const > δ.
Therefore we set g := ζ + ξ, where
ξ = ∇×
 0−χ · h · η
0
 =
 χ · h · ∂3η0
−(∂1hχ+ ∂1χh)η
 ,
with a cut-off function
η(x3) =
{
0 for |x3| < 5δ
1 for |x3| > 6δ .
Then
g =
 ρ+ x3∂3ρ+ χ · h · ∂3η0
(∂1hχ+ ∂1χh)(ρ− η) + x3∂3ρ− x3∂1ρ

is solenoidal and fulfils the required Dirichlet boundary conditions.
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−δ δ−2δ 2δ
χ = 0 χ = 1
−3δ 3δ−4δ 4δ
ρ = 0 ρ = 1
−5δ
−6δ
η = 0
η = 1
Figure 3.3: Cut-off function η
In addition
∫
Γh
τ (i) · T (g, p) · ndσ = 0 because of Green’s formula and the
properties of g (see for example [Bem81, (2.7)]).
Due to the structures of the cut-off functions, g shows the following behaviour
for large |x|:
|g| ≤
∣∣∣∣∣∣
10
0
∣∣∣∣∣∣+
∣∣∣∣∣∣
 h∂3η0
(∂1hχ+ h∂1χ)(1− η)
∣∣∣∣∣∣ .
For the gradient of g we have:
∂ig1(x) = ∂iρ+ δi3∂3ρ+ x3∂i∂3ρ+ ∂iχh∂3η + χ∂ih∂3η + χh∂i∂3η
∂ig2(x) = 0
∂ig3(x) = (∂i∂1hχ+ ∂1h∂iχ+ ∂i∂1χh+ ∂1χ∂ih)(ρ− η) + (∂1hχ+ ∂1χh)(∂iρ− ∂iη)
δi3∂3ρ+ x3∂i∂3ρ− δi3∂1ρ− x3∂i∂1ρ.
For large |x| this leads to
∂ig1(x) ≤ ∂ih∂3η + h∂i∂3η
∂ig2(x) = 0
∂ig3(x) ≤ (∂i∂1hχ+ ∂1h∂iχ+ ∂1χ∂ih+ h∂i∂3χ)(ρ− η)− ∂1hχ∂iη
and we obtain
|∇g| = O
(
|x|− 32
)
for |x| → ∞
because of the the asymptotic behaviour of h and
|∇g| = 0 for |x3| < −7δ.
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(II) The existence of a weak solution can now be proved exactly as in [Gal94b,
Theorem IX.4.1] with the help of the Galerkin method. The solution is of the
form v = u + g, where g is the function constructed above and u is a weak
solution to
−ν∆u+ (u · ∇)u+∇p+ (g · ∇)u+ (u · ∇)g = f + ν∆g − (g · ∇)g in Ω
∇ · u = 0 in Ω
u = 0 on ΓB
u · n = 0 on Γh
τ (i) · T (u, p) · n = 0 on Γh for i = 1, 2,
u→ 0 for |x| → ∞.
We can choose a sequence
{ψk}k∈N ⊂ C∞Γ,σ(Ω)
such that like in ([Gal94a][Lemma VII.2.1.]) for {ψk}k∈N ⊂ C∞0,σ(Ω)
1. the linear hull of {ψk} is dense in D1,2Γ,σ(Ω),
2. (ψk, ψj) = δkj ∀k, j ∈ N,
3. given ϕ ∈ C∞Γ,σ(Ω) and  > 0 there is a m = m() ∈ N and γ1, ..., γm ∈ R
such that
||ϕ−
m∑
i=1
γiψi||C1 < .
We then have to find a sequence of approximating solutions (um)
∞
m=1 of the
form
um =
m∑
k=1
ξkmψk
such that
ν(∇um,∇ψk) + ((um · ∇)um, ψk) + ((um · ∇)g, ψk) + ((g · ∇)um, ψk) (3.1)
= [f, ψk]− ν(∇g,∇ψk)− ((g · ∇)g, ψk),
holds for k = 1, ...,m.
We want to use [Gal94b, Lemma VIII.3.2] to find a solution for this system.
We multiply the equation by ξkm and sum over k from 1 to m. Then we have
to find estimates for the terms ((um · ∇)g, um), (∇g,∇um) and ((g · ∇)g, um),
since with [Gal94b, Lemma VIII.2.1]
((g · ∇)um, um) = ((um · ∇)um, um) = 0.
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To estimate ((um · ∇)g, um) we can use the fact that |∇g| → 0 in the same
way as |h| → 0 for |x′| → ∞ and |∇g| = 0 for x3 < −7δ. We have
|((um · ∇)g, um)| = |
∫
Ω
(um · ∇)g · um) dx|
≤
∫
Ω
|um|2|∇g| dx
≤ c||um||2L6(Ω)||∇g||L3/2(Ω∩{x3<−7δ})
≤ c||∇um||2L2(Ω)||∇g||L3/2(Ω∩{x3<−7δ}).
To use [Gal94b, Lemma VIII.3.2] we have to make sure, that
c||∇g||L3/2(Ω∩{x3<−7δ}) < ν.
But as
c||∇g||L3/2(Ω∩{x3<−7δ}) = c
∫
Ω∩{x3<−7δ}
|∇g|3/2 dx
≤ c
∫
Ω∩{x3<−7δ}
|x′|−9/4 dx
≤ c
∫ ∞
1
|r|−5/4 dr · δ ≤ c · δ < ν,
we can choose δ small enough to obtain the desired relation.
The integrals (∇g,∇um) and ((g · ∇)g, um) can be estimated exactly as in the
proof of [Gal94b, Theorem IX.4.1]:
|(∇g,∇um)| ≤ ||∇g||L2(Ω)||∇um||L2(Ω),
which is bounded because
||∇g||L2(Ω) ≤
∫
Ω∩{x3>−7δ}
h(x′)2 dx
≤ |7δ|
∫
R2\B(0)
|x′|−3 dx′
≤ c
∫ ∞
1
|r|−2 dr ≤ c <∞.
We still have to estimate the integral
∫
Ω g · ∇g · um dx. We obtain
|((g · ∇) g, um)| ≤
∣∣∣∣∫
Ω
((
g − (1, 0, 0)T ) · ∇) g · um dx∣∣∣∣+ ∣∣∣∣∫
Ω
(
(1, 0, 0)T · ∇) g · um dx∣∣∣∣ .
The first integral can be estimated with the Hoelder inequality∣∣∣∣∫
Ω
((
g − (1, 0, 0)T ) · ∇) g · um dx∣∣∣∣ ≤ c|| ((g − (1, 0, 0)T ) · ∇) g||L 65 (Ω)||um||L6(Ω)
≤ c|| (g − (1, 0, 0)T ) ||L3(Ω)||∇g||L2(Ω)||∇um||L2(Ω).
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For the second term we use the fact that we differentiate only in the direction
of x1. For large |x′| we have
∂1g1(x) ≤ ∂1h∂3η
∂1g2(x) = 0
∂1g3(x) ≤ (∂1∂1hχ+ ∂1h∂1χ+ ∂1χ∂1h)(1− η)
and the support of ∂1g is bounded in x3-direction.
Therefore (
(1, 0, 0)T · ∇) g = |∂1g| ≤ c|∇h| = O (|x′|−5/2)
and we have the following estimate:∣∣∣∣∫
Ω
(
(1, 0, 0)T · ∇) g · um dx∣∣∣∣ ≤ c||∂1g||L6/5(Ω∩{x3<−7δ})||um||L6(Ω)
≤ c
∫
Ω∩{x3<−7δ}
|x′|(− 52)· 65 dx||∇um||L2(Ω)
≤ c
∫
Ω∩{x3<−7δ}
|x′|−3 dx||∇um||L2(Ω)
≤ c||∇um||L2(Ω).
With [Gal94b, Lemma VIII.3.2] we have a solution ξ to (3.1) for all m.
Again from (3.1) we find
(ν + c)||∇um||L2(Ω)
≤ |f |D−1,2(Ω) + ν||∇g||L2(Ω) + ||(g − (1, 0, 0)T )||L3(Ω)||∇g||L2(Ω) + ||∂1g||L6/5(Ω)
and so |um| ≤ c for all m. We can now select a subsequence that is weakly con-
vergent to u ∈ D1,2Γ,σ(Ω) and with [Gal11, Exercise II.5.8] strongly convergent
in L2(ΩR). With [Gal11, Theorem II.3.1] it follows that ||∇u||L2(Ω) ≤ c.
We want to show that u obeys
ν(∇u,∇ψk) + ((u · ∇)u, ψk) + ((u · ∇)g, ψk) + ((g · ∇)u, ψk)
= [f, ψk]− ν(∇g,∇ψk)− ((g · ∇)g, ψk).
Clearly
(∇um,∇ψk)→ (∇u,∇ψk) for m→∞,
((um · ∇)g, ψk)→ ((u · ∇)g, ψk) for m→∞
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and
(((g · ∇)um), ψk)→ (((g · ∇)u), ψk) for m→∞,
because of the weak convergence in D1,2σ,Γ(Ω) and the strong convergence in L
2
on Ωk, where we set Ωk = supp(ψk).
Due to the fact, that supp(ψk) = Ωk is bounded we can use the same proof as
in [Gal11, Theorem IX.3.1] to show that
((um · ∇)um, ψk)→ ((u · ∇)u, ψk) for m→∞.
It follows that u ∈ D1,2σ,Γ(Ω) is a weak solution to the Navier-Stokes equations
in Ω.
There holds the estimate
(ν + c)||∇u||L2(Ω)
≤ |f |D−1,2(Ω) + ν||∇g||L2(Ω) + ||(g − (1, 0, 0)T )||L3(Ω)||∇g||L2(Ω) + ||∂1g||L6/5(Ω)
(3.2)
Remark 3.3. We use [Gal11, Theorem III.5.3] to show existence and uniqueness
of the pressure p ∈ L6(Ω) corresponding to the solution v ∈ D1,2σ (Ω) to the Navier-
Stokes problem
−ν∆u+ (u · ∇)u+ ∂1u+∇p = 0 in Ω
∇ · u = 0 in Ω
u→ 0 for |x| → ∞
u = −v∞ on ΓB
u · n = −v∞ · n on Γh
τ (i) · T (u, p) · n = 0 on Γh for i = 1, 2.
We define
F(ψ) := ν(∇u,∇ψ) + (u · ∇ψ, u) + (u, ∂1ψ).
Then F defines a bounded linear functional on D1,6/50 (Ωh), because for ψ ∈ D1,6/50 (Ω)
we have
(∇u,∇ψ) ≤ ||∇u||L2(Ω)||∇ψ||L6/5(Ω)
(u · ∇ψ, u) ≤ ||u2||L6(Ω)||∇ψ||L6/5(Ω)
(u, ∂1ψ) ≤ ||u||L6(Ω)||∇ψ||L6/5(Ω).
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The domain Ω satisfies the cone condition, and so by [Gal11, Remark III.3.14] the
problem [Gal11, (III.3.65)] is solvable in Ωh. With [Gal11, Theorem III.5.3] there
follows the existence of a uniquely determined p ∈ L6(Ωh) such that
F(ψ) =
∫
Ω
p∇ · ψ
for all ψ ∈ D1,6/50 (Ω).
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In this chapter we define a mapping from the plane reference domain S to Ωh and
the inverse mapping from Ωh to S. We will need these mappings for the proof of
regularity and uniqueness for the solution of the Navier-Stokes equations.
It is important, that the part of ∂Ωh with Dirichlet boundary conditions is mapped
on the appropriate part of ∂S and likewise for the mixed boundary conditions. In
addition we chose the mappings in a way that we can maintain the right angle on
the contact line between the surface of the Newtonian fluid and the boundary of the
body. As the body has a C2-boundary and the surface of the fluid is a graph over
R2 \ B of class C2, the mapping can be chosen to have no singularities. As we are
more interested in the behaviour of the fluid at large distances from the body, than
on the effect of the body shape on the fluid flow, we define the mapping piecewisely
for small and for large values of |x|. In our calculations we can then easily estimate
the mapping for large |x|.
ΓB
Γh
(x1, x2)
x3
(x1, x2)
x3
Γ1
Γ0
ψ
φ
Figure 4.1: Ωh and the reference domain S
Close to the body the mapping φ : S → Ωh is defined by first mapping the unit ball
B1(0) onto B and then mapping the plane {x3 = 0} \ B onto the free boundary of
the fluid. We have
φ∗(r, ϕ, θ) :=
 r · rB(ϕ, θ)ϕ
θ
(
1 + 2piγ(r · rB(ϕ, θ), ϕ)
)

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in spherical coordinates, where γ(r, ϕ) is the angle between the (x1, x2)-plane and
a ray with horizontal angle ϕ that cuts the surface of the fluid at length r, and
rB(ϕ, θ) is the distance of ∂B to the origin at the horizontal and vertical angles ϕ
and θ.
In Cartesian coordinates we use the variables x˜ ∈ S and x ∈ Ωh.
Between the function h(x1, x2), that describes the surface of the fluid and the angle
γ we have the following relation:
γ(r, ϕ) = arcsin
(
h(x˜1, x˜2)
r
)
where
x˜1 = r cos(γ(r, ϕ)) cos(ϕ), x˜2 = r cos(γ(r, ϕ)) sin(ϕ).
The planar domain R2 × {0} \B1(0) is mapped onto the free part of the boundary,
whereas the boundary of the unit sphere is mapped onto the boundary of the moving
body B.
For large |x| there exists a smooth continuation of φ to the following mapping ,
which we denote also by φ
φ(x˜1, x˜2, x˜3) = (x˜1, x˜2, x˜3 + h(x˜1, x˜2)η˜(x˜3)) ,
where η˜ is a cut-off function with
η˜ =
{
1 for x˜3 > −δ
0 for x˜3 < −2δ
for some δ > 0.
We consider the behaviour of the mapping for large |x| whenever we have to estimate
the velocity and pressure on the whole exterior domain E or on S. In these cases
we multiply with a constant to clarify that we have different, but bounded integrals
on a large ball around the moving body, that can be estimated by the integrals over
the rest of the domain.
For the Jacobian matrix of φ we get
∇φ =
 1 0 00 1 0
∂1hη˜ ∂2hη˜ 1 + hη˜
′

and hence
det∇φ = 1 + hη˜′.
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We can choose η small enough to ensure, that |hη˜′| ≤ 1 and so we have det∇φ 6= 0.
The second derivatives of φ read as follows:
∂ijφk = 0 for k = 1, 2
∂ijφ3 = ∂i∂jhη˜ for i, j = 1, 2
∂3iφ3 = ∂ihη˜
′ for i = 1, 2
∂33φ3 = hη˜
′′.
As det∇φ 6= 0 for all x˜ ∈ S there exists the inverse mapping ψ : Ωh → S and we
obtain:
ψ(x1, x2, x3) = (x1, x2, x3 − h(x1, x2)η(x3)) ,
with a suitable cut-off function η,
∇ψ =
 1 0 00 1 0
−∂1hη −∂2hη 1 + hη′
 ,
det∇ψ = 1 + hη′,
∂ijψk = 0 for k = 1, 2
∂ijψ3 = −∂i∂jh for i, j = 1, 2.
∂3iψ3 = −∂ihη′ for i = 1, 2
∂33ψ3 = hη
′′.
The terms occurring in the Navier-Stokes equations are transformed in the following
way (see [Sim05] and [Bem87]): The velocity u : Ω→ R3 is transformed to
u˜(x˜) := [det∇ψ(φ(x˜))]−1∇ψ(φ(x˜))u(φ(x˜)),
for the pressure p : Ω→ R we have
p˜(x˜) := p(φ(x˜))
and the external force f : Ω→ R3 on the right hand side changes into
f˜(x˜) := f(φ(x˜)).
Then the transformed Navier-Stokes equations read as follows ([Bem87, (25)-(28)]):
Lu˜+A∇p˜+N(u˜,∇u˜) = A˜f˜
∇ · u˜ = 0
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in the flat domain S := R3− \B1(0), with
Lu˜ := −v (∇(A∇u˜) +B∇u˜+ Cu˜)
N(u˜,∇u) := a−1u˜ · ∇u+ B˜u˜u˜.
The coefficients in L and N depend on the mappings φ and ψ and its derivatives:
a := (det∇ψ)−1 , (4.1)
A := ∇ψ(∇ψ)T =
(
∂ψi
∂xk
∂ψj
∂xk
)n
i,j=1
= (aij)
n
i,j=1, (4.2)
A := a ·A = a (aij)nij=1 , (4.3)
A˜ := a∇ψ = a
(
∂ψi
∂xj
)n
i,j=1
, (4.4)
B := (bikl)
n
i,k,l=1 =
(
δil
(
∂ank
∂x˜n
− ∂
2ψk
∂xs∂xs
)
− 2a∂ψi
∂xr
∂ψk
∂xs
∂
∂xs
(
a−1
∂φr
∂x˜l
))n
i,k,l=1
,
(4.5)
B˜ := (b˜ikl)
n
i,k,l=1 =
(
∂ψi
∂xs
∂φm
∂x˜k
∂
∂xm
(
a−1
∂φs
∂x˜l
))n
i,k,l=1
, (4.6)
C := (cij)
n
i,j=1 = −a
(
∂ψi
∂xs
∂2
∂xr∂xr
(
a−1
∂φs
∂x˜j
))n
i,j=1
. (4.7)
As
|φ(x˜)| = |x˜|+O(h),
|∂iφ(x˜)| = 1 +O(h),
|∂i∂jφ(x˜)| = O(∇h)
for |x˜| → ∞ and
|ψ(x)| = |x|+O(h),
|∂iψ(x)| = 1 +O(h),
|∂i∂jψ(x)| = O(h)
for |x| → ∞ we obtain
a = 1 +O(h),
|A|, |A|, |A˜| = 1 +O(h),
|∇A|, |B|, |B˜|, |C| = O(h).
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To show regularity and uniqueness of the solution to the Navier-Stokes equations in
the domain Ωh we use the following approach: First we map the domain Ωh on a flat
domain S, where the moving body is mapped onto a ball of radius 1. We transform
the terms in the Navier-Stokes equations with the help of Piola’s identity to get a
solenoidal solution to the transformed Navier-Stokes equations on the domain S.
We want to use a reflection argument to prove, that the solution coincides on S with
the solution to the transformed Navier-Stokes equations on the exterior domain
S ∪ S˜ = R3 \B1(0) =: E . This is the case if we can show uniqueness of the solution
to the transformed Navier-Stokes equations in the domain E . Therefore we establish
a L3-estimate for the solution of the transformed equations in the exterior domain
based on the same theorem for the Navier-Stokes equations (see [Gal11, Lemma
X.6.1]) and with the help of this estimate we can show uniqueness of the solution to
the transformed equations in E .
Γh
Ωh
(x1, x2)
x3
(x1, x2)
x3
Γ0
S
transformation
(x1, x2)
x3
E
reflection
Figure 5.1: The domains Ωh, S and E
Theorem 5.1. Let (v, p) ∈ D1,2(E) × L6(E) be a weak solution to the transformed
Navier-Stokes equations in E with a right hand side f ∈ D−1,20 (E). Then u :=
v − v∞ ∈ Lp(E) ∪D1,s(E) for all p > 2, s > 43 and p ∈ Lr(E) ∪D1,t(E) for r > 32 ,
t > 1.
Proof. If we can show, that u is a solution to the Navier-Stokes equations in E with
a right hand side of class Lq(E) for all q > 1, we can use [Gal11, Lemma X.6.1]
and [Gal11, Theorem X.6.4] to show the desired summability properties of u and p.
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Therefore we even set q = 1 in [Gal11, Lemma X.6.1] to obtain u ∈ L 2q2−q (E) from
[Gal11, (X.6.5)] for all q > 1.
The map φ : S → Ω is regular enough to assume that a := det ∂φ∂x 6= 0. Therefore
we can write u as a solution to the Navier-Stokes equations
−ν∆u+ (u · ∇)u+∇p =A−1A˜f + (1−A−1A)∇p+ (1−A−1a−1)u · ∇u
−A−1B˜u+ νA−1∇A∇u+ νA−1B∇u+A−1Cu,
with
A−1 = 1 +O(h)
a−1 = 1 +O(h)
and
a = 1 +O(h),
|A|, |A|, |A˜| = 1 +O(h),
|∇A|, |B|, |B˜|, |C| = O(h).
We have to estimate the right hand side of this equation in Lq(E) for q = 1. The
Oseen term produced by shifting the solution is here put into the right hand side
term
f := −∂1v + f˜
with a possible external force f˜ ∈ L2(Ωh) of compact support.
We have
1−A−1A = 1−A−1Aa = 1− a1
and therefore∣∣∣∣∫E ((1−A−1A)∇p) dx
∣∣∣∣
≤
∣∣∣∣∣
∫
E∩{|x3|<2δ}
(∇(1−A−1A)p) dx∣∣∣∣∣+
∣∣∣∣∮
∂B
(1−A−1A)p · n dσ
∣∣∣∣
≤ ||∇h||
L
6
5 (E∩{|x3|<2δ})
||p||L6(E∩{|x3|<2δ}) +
∣∣∣∣∮
∂B
(1−A−1A)p · n dσ
∣∣∣∣ .
The first integral is bounded because
||∇h||Ls(E∩{|x3|<2δ}) <∞ for all s > 1.
We now that (u, p) is a solution to the Navier-Stokes equations in E . And so (u, p)
solves the Navier-Stokes equations in a bounded domain M ⊂ E with B ⊂⊂M , for
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example M := B3(0) with boundary data u|∂M ∈ W 1−1/2,2(∂M). We know from
[Gal11, Theorem IX.5.1] that p ∈ W 1,2(M). Then p has a trace in L2(∂(B) and as
1−A−1A is also bounded on the boundary of B, there holds∮
∂B
(1−A−1A)p · n dσ <∞.
For the other terms on the right hand side of the Navier-Stokes equations we obtain(∫
E
(
(1−A−1a−1)u · ∇u)q dx)1/q ≤ ||u||L6(E)||∇u||L2(E)||1−A−1a−1||
L
3q
3−2q (E)
≤ c||h||
L
3q
3−2q (E∩{|x3|<2δ})
||u||L6(E)||∇u||L2(E)(∫
E
(
A−1B˜u · u
)q
dx
)1/q
≤ ||A−1B˜||
L
3q
3−q (E)
||u2||L3(E)
≤ ||∇h||
L
3q
3−q (E∩{|x3|<2δ})
||u||2L6(E)(∫
E
((
A−1∇A+A−1B)∇u)q dx)1/q ≤ ||A−1∇A+A−1B||
L
2q
2−q (E)
||∇u||L2(E)
≤ c||∇h||
L
2q
2−q (E∩{|x3|<2δ})
||∇u||L2(E)(∫
E
(
A−1Cu
)q
dx
)1/q
≤ ||u||L6(E)||A−1C||
L
6q
6−q (E)
≤ c||∇h||
L
6q
6−q (E∩{|x3|<2δ})
||u||L6(E).
As
h = O
(
|x′|−3/2
)
and ∇h = O
(
|x′|−5/2
)
we get
||h||s1Ls1 (E∩{|x3|<2δ}) =
∫
(E∩{|x3|<2δ})
|h|s1 dx
≤
∫
(E∩{|x3|<2δ})
|x′|(−3/2)s1 dx
≤ 2δ
∫ ∞
1
|r|(−3/2)s1+1 dr
≤ 2δ
[
|r|(−3/2)s1+2
]∞
1
which is finite if
(−3/2)s1 + 2 < 0 ⇔ s1 > 4
3
.
Therefore the Lq-Norm of h and ∇h is bounded if q is large enough. We obtain
||h||Ls1 (E∩{|x3|<2δ}) <∞ for all s1 >
4
3
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and in the same way
||∇h||Ls2 (E∩{|x3|<2δ}) <∞ for all s2 > 1.
We still have to check if the exponents in the upper estimates are large enough for
q = 1:
2q
2− q =
1
1− 35
=
5
2
≥ 4
3
3q
3− 2q =
1
1− 45
= 5 ≥ 4
3
3q
3− q =
1
1− 25
=
5
3
≥ 4
3
6q
6− q =
1
1− 15
=
5
6
≥ 1,
where we can use the estimate for |∇h| in the last line.
We can now apply Lemma X.6.1 in [Gal11] to obtain that u ∈ Lp(E) ∪D1,s(E) for
all p > 2, s > 43 and p ∈ Lr(E) ∪D1,t(E) for r > 32 , t > 1.
With the help of the L3-estimate that we obtain with this Lemma, we are now able
to show uniqueness of the solution to the transformed Navier-Stokes equations in
the exterior domain E .
Lemma 5.2. Let (v, p) ∈ D1,2(E) × L6(E) be a weak solution to the transformed
Navier-Stokes equations in E. Then v is unique.
Proof. The uniqueness of v follows at once, if we apply [Gal11, Theorem X.3.1].
The uniqueness in the exterior domain is necessary for the reflection argument that
we want to use. We are now able to show, that a solution to the transformed Navier-
Stokes equations on S corresponds on S to a solution of the Navier-Stokes equations
on E , where the right hand side is symmetric to the x′-plane and consists of the
terms that occur in the transformation.
Lemma 5.3. If Ω is symmetric in x3-direction, and for f ∈ D−1,20 (Ω) there holds
fi(x1, x2, x3) = fi(x1, x2,−x3),
for i = 1, 2 and
f3(x1, x2, x3) = −f3(x1, x2,−x3),
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then for the unique solution v ∈ D1,2σ (Ω) to the Navier-Stokes equations in Ω to this
right hand side there also holds the symmetry property
vi(x1, x2, x3) = vi(x1, x2,−x3),
for i = 1, 2 and
v3(x1, x2, x3) = −v3(x1, x2,−x3).
Proof. We fix one point x in Ω and check, if
vi(x1, x2, x3) = vi(x1, x2,−x3) =: ui(x1, x2, x3)
for i = 1, 2,
v3(x1, x2, x3) = −v3(x1, x2,−x3) =: u3(x1, x2, x3).
We define p(x1, x2, x3) := pi(x1, x2,−x3), then we have:
− ν∆v1(x1, x2, x3)
+ v1(x1, x2, x3)∂1v1(x1, x2, x3)
+ v2(x1, x2, x3)∂2v1(x1, x2, x3)
+ v3(x1, x2, x3)∂3v1(x1, x2, x3) + ∂1p(x1, x2, x3)
= −ν∆v1(x1, x2,−x3)
+ v1(x1, x2,−x3)∂1v1(x1, x2,−x3)
+ v2(x1, x2,−x3)∂2v1(x1, x2,−x3)
+ v3(x1, x2,−x3)∂3v1(x1, x2,−x3) + ∂1p(x1, x2,−x3)
= −ν∆u1(x1, x2, x3)
+ u1(x1, x2, x3)∂1u1(x1, x2, x3)
+ u2(x1, x2, x3)∂2u1(x1, x2,−x3)
− u3(x1, x2, x3)(−1)∂3u1(x1, x2, x3) + ∂1pi(x1, x2, x3).
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The same holds for the second equation. For the third equation we obtain
− ν∆v3(x1, x2, x3)
+ v1(x1, x2, x3)∂1v3(x1, x2, x3)
+ v2(x1, x2, x3)∂2v3(x1, x2, x3)
+ v3(x1, x2, x3)∂3v3(x1, x2, x3) + ∂3p(x1, x2, x3)
= ν∆v3(x1, x2,−x3)
− v1(x1, x2,−x3)∂1v3(x1, x2,−x3)
− v2(x1, x2,−x3)∂2v3(x1, x2,−x3)
− v3(x1, x2,−x3)∂3v3(x1, x2,−x3)− ∂1p(x1, x2,−x3)
= −ν∆u3(x1, x2, x3)
+ u1(x1, x2, x3)∂1u3(x1, x2, x3)
+ u2(x1, x2, x3)∂2u3(x1, x2,−x3)
+ u3(x1, x2, x3)(−1)∂3(−1)u3(x1, x2, x3) + ∂3pi(x1, x2, x3).
and because of the uniqueness of the solution we obtain
vi(x1, x2, x3) = vi(x1, x2,−x3)
for i = 1, 2,
v3(x1, x2, x3) = −v3(x1, x2,−x3).
Corollary 5.4. Let (v, p) ∈ D1,2(E)× L6(E) be a weak solution to the transformed
Navier-Stokes equations in E. Then (v, p) corresponds on S to the solution of the
transformed Navier-Stokes equations with mixed boundary conditions on S.
Proof. We have to show, that v and p satisfy the boundary conditions required for
the free boundary value problem in S, i.e.
v = 0 on ΓB
v · n = 0 on Γ0
τ (i) · T (v, p) · n = 0 on Γ0 for i = 1, 2
v → (1, 0, 0)T for |x| → ∞.
Clearly the first and the last condition are fulfilled because of the corresponding
conditions on E . The other two conditions reduce to simpler expressions caused by
the shape of the domain S. As the outer normal on Γ0 is just the vertical unit vector
(0, 0, 1) we obtain the homogeneous Dirichlet boundary condition
v · n = 0 on Γ0 ⇔ v3 = 0 on Γ0.
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If we multiply the stress tensor on Γ0 with the outer normal n we just get
τ (i) · T (v, p) · n = (δijp+ ∂ivj + ∂jvi)δj3 = δi3p+ ∂iv3 + ∂3vi.
The tangential vectors are (1, 0, 0) and (0, 1, 0) and so we get
τ (i) · T (v, p) · n = ∂iv3 + ∂3vi for i = 1, 2.
We now have to take into account, that from the Dirichlet condition v3 ≡ 0 on Γ0
and so especially the derivatives in tangential directions vanish on the flat boundary.
In the end we have
∂3vi = 0 on Γ0 for i = 1, 2.
We have to show that these conditions hold for the solution to the Navier-Stokes
equations in E . As the domain is symmetric in x3-direction we can use Lemma 5.3
to obtain
v3(x
′, x3) = −v3(x′,−x3)
vi(x
′, x3) = vi(x′,−x3).
On Γ0, where x3 = 0, this leads to
v3(x
′, 0) = 0
and
∂3vi(x
′,−x3) = −∂3vi(x′, x3) = 0.
Now we can establish regularity of the solution to the transformed Navier-Stokes
equations in E to conclude the same regularity properties for the solution in S and
thus on the non-flat domain Ωh.
Lemma 5.5. Let (v, p) ∈ D1,2(E) × L2loc(E) be a weak solution to the transformed
Navier-Stokes equations in E. Then v is regular.
Corollary 5.6. Let (v, p) ∈ D1,2(S)×L2loc(S) be a weak solution to the transformed
Navier-Stokes equations in S. Then v is unique and regular up to the boundary Γh.
Proof. Regularity of the weak solution up to the boundary follows with the same
reflection argument as above and [Gal11, Theorem X.1.1], as the boundary Γh is a
part of the interior of E .
Corollary 5.7. Let (v, p) ∈ D1,2(Ωh) × L2loc(Ωh) be a weak solution to the Navier-
Stokes equations in Ωh. Then v is unique and regular.
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Proof. If v and p are a solution to the Navier-Stokes equations in Ωh, then
v˜(x˜) := [det∇ψ(φ(x˜))]−1∇ψ(φ(x˜))v(φ(x˜)),
and
p˜(x˜) := p(φ(x˜))
are a solution to the transformed Navier-Stokes equations in S, where φ and ψ are
the transform of the domain and its inverse. We re-transform the functions to obtain
v(x) = [det∇φ(ψ(x))]−1∇φ(ψ(x))v˜(ψ(x))
and
p(x) := p˜(ψ(x)).
As v˜ and p˜ are unique and regular, the same holds for v and p as long as h is regular
enough. But this follows immediately because h depends continuously on v and p
(see [BGK11]).
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In this chapter we show, that the asymptotic behaviour of the solution to the free
boundary value problem coincides with the asymptotic behaviour of the solution
in an exterior domain in the way that the shape of the wake region behind the
floating body is the same as in the exterior domain, only perturbed by a function
that depends on the surface of the domain. Especially we want to show, that the
(two dimensional) wake on the surface of the fluid has the shape of a parabola,
perturbed only by the deviation of the graph of h from a plane.
First we give uniform estimates for |u|, |∇u| in Ωh and afterwards we consider the
asymptotic behaviour inside and outside the wake region behind the body. In the
second part of the chapter we prove a uniform estimate for the function h, that
describes the surface of the fluid. As we use the estimate for the velocity to analyse
the asymptotic behaviour of h, we can show a better estimate for the decay of the
function h before, than behind the moving body.
6.1 Decay of the velocity
We start by proving an asymptotic representation formula for the solution to the
Navier-Stokes equations. In the following we use the notation
x˜ ∈ S and x ∈ Ωh.
Note that for large values of |x′| we have x˜′ = x′.
The following representation formula directly gives us a uniform estimate for |u|,
but we can also use it to prove a better rate of decay outside the wake region.
Lemma 6.1. Let v ∈ D1,2σ,Γ(Ωh) be a solution to the free boundary value problem
for the Navier-Stokes equations, with a surface function h(x). For h there holds
|h| ≤ |x′|− 32 for large |x′|, |∇h| ≤ |x′|− 52 . Then we have the following asymptotic
representation for u := v − v∞ as |x| → ∞:
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
,
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where
|ψ(x)| = O(|x|+ h(x)), |φ(x˜)| = O(|x˜|+ h(x˜))
Mi = −R
∫
∂B
Til(u˜, p˜)nl +Rδ1lu˜i(y˜)nl dσy˜,
|u˜| = O(|u|), |p˜| = O(|p|)
|sj(x)| = O
(
|ψ(x)|−3/2
)
.
Proof. Let φ : S → Ωh be the mapping from the flat domain S onto Ωh and ψ :
Ωh → S the inverse mapping. We choose the transform in a way, that φ = 0 for
x3 < −2δ, for example
φ(x˜) = (x˜1, x˜2, x˜3 + h(x˜
′)η(x˜3))
for large |x˜| with
η(x˜3) :=
{
1 for x˜3 > −δ
0 for x˜3 < −2δ
for some δ > 0. For the construction and properties of this mapping see Chapter 4.
Then
u˜(x˜) := [det∇ψ(φ(x˜))]−1∇ψ(φ(x˜))u(φ(x˜))
is a solution to the Navier-Stokes equations on S with the right hand side
F = A−1A˜f˜ + (1−A−1A)∇p˜+ (1−A−1a−1)u˜ · ∇u˜
−A−1B˜u˜+ νA−1∇A∇u˜+ νA−1B∇u˜+A−1Cu˜
where a,A,A, A˜, B, B˜, C are defined in (4.1)-(4.7) and supp (F ) ⊂ {|x˜3| ≤ 2δ}.
We extend this F symmetrically on E := R3 \ B, where B := B1(0). Then we
solve the Navier-Stokes equations in E with the new right hand side. Because of the
uniqueness and the symmetry of the solution we find that it corresponds to u˜ on
S. We therefore have the following representation formula for x˜ ∈ E and therefore
especially for x˜ ∈ S (see [Gal11, (X.5.32)])
u˜j(x˜) = R
∫
E
Eij(x˜− y˜)Fi(y˜) dy˜ +R
∫
E
Eij(x˜− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜
+
∫
∂B
[u˜i(y˜)Til(wj , ej)(x˜− y˜)− Eij(x˜− y˜)Til(u˜, p˜)(y˜)
−Ru˜i(y˜)Eij(x˜− y˜)δ1l]nl dσy˜
where R is the Reynolds number, E = Eij(x˜− y˜) is the Oseen fundamental solution
(see [Gal11, VII.3.1]) and wj , ej are the columns of E and the corresponding pressure
respectively.
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Note that the representation formula also holds on the free boundary of the domain,
which makes sense, because we have already shown that the solution is regular up
to the boundary.
With x = φ(x˜) we have in Ωh:
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))
[
R
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜
+R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜
+
∫
∂B
[u˜i(y˜)Til(wj , ej)(ψ(x)− y˜)− Eij(ψ(x)− y˜)Til(u˜, p˜)(y˜)
−Ru˜i(y˜)Eij(ψ(x)− y˜)δ1l]nl dσy˜
]
.
We want to use the same method as in [Gal11, Theorem V.3.2] to show the asymp-
totic representation formula. By adding and subtracting the term
−Eij(ψ(x))
(∫
∂B
[Til(u˜, p˜)(y˜) +Ru˜i(y˜)δ1l]nl dσy˜
)
and estimating the resulting integrals we reduce the asymptotic behaviour of u to
the asymptotic structure of the Oseen fundamental solution perturbed by functions
depending on the surface h of the fluid.
We obtain
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))
[
R
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜
+R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜
+
∫
∂B
u˜i(y˜)Til(wj , ej)(ψ(x)− y˜)nl dσy˜
− Eij(ψ(x))
∫
∂B
[Til(u˜, p˜)(y˜) +Ru˜i(y˜)δ1l]nl dσy˜
−
∫
∂B
(Eij(ψ(x)− y˜)− Eij(ψ(x))) (Til(u˜, p˜)(y˜) +Ru˜i(y˜)δ1l)nl dσy˜
]
.
We consider the integrals separately.
First we want to estimate the integral
∫
E Eij(ψ(x) − y˜)Fi(y˜) dy˜. Unfortunately the
support of F is not bounded, but as F can be estimated for large |y˜| by the surface
function h we can divide the domain of integration such that in one part of the
domain the asymptotic structure of the Oseen fundamental solution and in the
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other part of the domain the behaviour of h gives convergence. For large |x| we have∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜
≤
∫
{
|ψ(x)−y˜|< |ψ(x)|
2
}
∩{|y˜3|<2δ}
|Eij(ψ(x)− y˜)| |Fi(y˜)| dy˜
+
∫
{
|ψ(x)−y˜|> |ψ(x)|
2
}
∩{|y˜3|<2δ}
|Eij(ψ(x)− y˜)| |Fi(y˜)| dy˜
|x˜− y˜| > |x˜|2
|x˜− y˜| < |x˜|2
x˜
2δ
−2δ
Figure 6.1: Domains of integration
For the first integral we have to consider the limit |ψ(x) − y˜| → 0. In that case we
have for the Oseen fundamental solution (see [Gal11, (VII.3.21), (IV.2.6)]
|Eij(ψ(x)− y˜)| ≤ c
(|ψ(x)− y˜|−1)+ o(1).
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We cut a small ball of radius 1|ψ(x)| from the first domain. There we have∫
B 1
|ψ(x)|
|Eij(ψ(x)− y˜)| |F (y˜)| dy˜
≤ c
∫
B 1
|ψ(x)|
|Eij(ψ(x)− y˜)| dy˜
≤ c
∫
B 1
|ψ(x)|
|ψ(x)− y˜|−1 + 1 dy˜
≤ c
∫ 1
|ψ(x)|
0
r + r2 dr
≤ c|ψ(x)|−2.
In the remaining part of the first integral we can now just consider the behaviour of
|E| for |x| → ∞
|Eij(ψ(x)− y˜)| ≤ c(|ψ(x)− y˜|−1).
which can be looked up in [Gal11].
To estimate the right hand side F we can use the summability properties of the
solution given in [Gal11, Theorem X.6.4] and so we have
F ≤ c · h(y˜) [∇p˜+ u˜+∇u˜+ u˜ · ∇u˜] .
and therefore∫
E
E(ψ(x)− y˜)F (y˜) dy˜
≤ c
∫
E
E(ψ(x)− y˜)h(y˜) [∇p˜+ u˜+∇u˜+ u˜ · ∇u˜] dy˜
≤ c
(∫
E
|E(ψ(x)− y˜)h(y˜)|−3/2 dy˜
)2/3 (||∇p˜||L2(E) + ||u˜||L3(E) + ||∇u˜||L2(E)) .
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As |ψ(x)− y˜| < |ψ(x)|2 implies |y˜| ≥ |ψ(x)|2 and |h(y˜)| ≤ c|y˜|−3/2 we have∫
{
|ψ(x)′−y˜′|< |ψ(x)′|
2
}
∩{|y˜3|<2δ}\Bψ(x)−1 (x)
(|Eij(ψ(x)− y˜)|h(y˜))−3/2 dy˜
≤
∫
{
|ψ(x)′−y˜′|< |ψ(x)′|
2
}
∩{|y˜3|<2δ}\Bψ(x)−1 (x)
|y˜|−9/4 |ψ(x)− y˜|−3/2 dy˜
≤ c|ψ(x)|−9/4
∫
{
|ψ(x)−y˜|< |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)− y˜|−3/2 dy˜
≤ c|ψ(x)|−9/4
∫ |ψ(x)|
2
0
(
r−3/2
)
r dr
≤ c|ψ(x)|−9/4
∫ |ψ(x)|
2
0
r−1/2 dr
≤ c|ψ(x)|−9/4|ψ(x)|1/2
≤ c|ψ(x)|−7/4.
For the second integral, where we consider the behaviour of the Oseen fundamental
solution for |ψ(x)− y˜| → ∞ we also have ([Gal11, VII.3.32])
|E(ψ(x)− y˜)| ≤ c|ψ(x)− y˜|−1
and we find the estimate∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
(|E(ψ(x)− y˜)||h(y˜)|)−3/2 dy˜
≤ c
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)− y˜|−3/2|y˜|−9/4 dy˜
≤ c
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)|−3/2|y˜|−9/4 dy˜
≤ c|ψ(x)|−3/2
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|y˜|−9/4 dy˜
≤ c|ψ(x)|−3/2
∫ ∞
1
r−5/4 dr
≤ c|ψ(x)|−3/2.
We now have estimated the integral∫
E
|Eij(ψ(x)− y˜)Fi(y˜)| dy˜ = O
(
|ψ(x)|−3/2
)
.
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The other integrals in the representation formula can be estimated exactly in the
same way as in [Gal11, Theorem X.5.3], as the domain of integration is bounded.∣∣∣∣∫
∂B
u˜i(y˜)Til(wj , ej)(ψ(x)− y˜)nl dσy˜
∣∣∣∣ ,∣∣∣∣∫
∂B
(Eij(ψ(x)− y˜)− Eij(ψ(x))) (Til(u˜, p˜)(y˜) +Ru˜i(y˜)δ1l)nl dσy˜
∣∣∣∣
= O
(
|ψ(x)|−3/2
)
and ∣∣∣∣Eij(ψ(x))∫
∂B
[Til(u˜, p˜)(y˜) +Ru˜i(y˜)δ1l]nl dσy˜
∣∣∣∣ ≤ c|Eij(ψ(x))|.
We collect all the terms of order O
(|ψ(x)|−3/2) in s(x) and obtain the asymptotic
representation formula
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
where
Mi = −
∫
∂B
Til(u˜, p˜)(y˜)nl +Rδ1lu˜i(y˜)nl dσy˜.
To give an explicit characterization of the asymptotic behaviour of the velocity we
still have to estimate the term∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜.
We have to show that [Gal11, Lemma X.8.3] holds for the solution u, i.e. that u
satisfies the uniform estimate
u(x) = O
(|x|−1+) .
We consider again the right hand side F and use the estimate
F ≤ c · h(y˜) [∇p˜+ u˜+∇u˜+ u˜ · ∇u˜] .
and the fact that
supp(F ) ⊂ R2 × (−2δ, 2δ).
We know from Theorem 5.1, that u ∈ Lq(E) for all q > 2 and ∇p ∈ L2(E), especially
u+∇p ∈ L3(E).
39
6 Asymptotic behaviour of the solution
For right hand sides of the form
|x|βF (x) ∈ L2(E), β > 1
2
Finn proved that |u| = O(|x|−1) ([Fin65, Corollary 4.1]). We have to show, that F
satisfies this condition:∫
E
(
|x|βF (x)
)2
dx ≤ c
∫
E∩{x3>−2δ}
|x|2β|x|−3|u+∇p|2 dx
≤ c|||x|2β−3||L3(E∩{x3>−2δ})||(u+∇p)2||L3/2(E∩{x3>−2δ})
≤ c
(∫
E∩{x3>−2δ}
|x|6β−9
)1/3
||u+∇p||L3(E∩{x3>−2δ}).
This term is finite if
6β − 9 + 2 < 0
in particular for β with 12 < β <
7
6 .
We can therefore use the Corollary of Finn and we obtain
|u| = O (|x|−1) .
With this uniform estimate we have ([Gal11, Remark X.8.1])
R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ ≤ c|x|−3/2+δ−σ
where σ ∈ (0, 1] characterizes the angle between |x| and the x1-axis:
|x|(1 + cos(ϕ)) ≥ |x|σ.
If we collect the previous results we obtain the following uniform asymptotic be-
haviour for the velocity u:
|u(x)| = O
(
|E(ψ(x))|+ |ψ(x)|−3/2+
)
.
We also want to estimate the asymptotic behaviour of the gradient of v, where we
note that ∇u = ∇v. Again we consider the representation formula to give a uniform
estimate for |∇u|.
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
.
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If we differentiate this formula we get
∂muk(x) = ∂m [det∇ψ(x)] ∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
+ [det∇ψ(x)] ∂m∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
+ [det∇ψ(x)] ∂kφj(ψ(x))(
Mi∂mEij(ψ(x)) +R∂m
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + ∂msj(x)
)
.
The first two terms contain second derivatives of the mappings of the domain on S
and vanish for large |x| like h · |E|. So we have to consider the last term if we want to
find a uniform estimate for the asymptotic behaviour of |∇v|. Here we can use the
same method as in [Gal11] to deal with the singularity in the gradient of the Oseen
fundamental solution. If we integrate by parts over the domain E \ B1(ψ(x)) and
the domain B1(ψ(x)) we additionally obtain an integral on the boundary ∂B1(ψ(x))
of this domain, but none of these integrals contains the right hand side F , which
would not allow us to use the same estimates as in [Gal11, Theorem X.8.2].
So the only term left to estimate is the derivative of s(x) and here especially the
term
∂m
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜.
If we use the same method to deal with the singularity in ∂mE as in [Gal11, X.8.28]
we may differentiate under the integral and we find that
∂m
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜
=
(
−
∫
E
Eij(ψ(x)− y˜)∂mFi(y˜) dy˜ +
∫
∂B
Eij(ψ(x)− y˜)Fi(y˜)nm dσy˜
)
∂mψ(x)
=
(∫
E\B1(ψ(x))
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜ −
∫
∂B1(ψ(x))
Eij(ψ(x)− y˜)Fi(y˜)nm dσy˜
−
∫
B1(ψ(x))
Eij(ψ(x)− y˜)∂mFi(y˜) dy˜
)
∂mψ(x).
But as the domain of integration is bounded in the last two integrals and
∂mψ(x) = 1 +O(h)
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we may assume that the behaviour at large distances from the origin can be estimated
by a constant times the gradient of the fundamental solution.
This, together with the estimates of Finn for the other terms in s(x) leads us to
|∇v| = O(|∇E|+ |x| 32 )
for |x| → ∞.
As for the Oseen fundamental solution we therefore have the uniform estimate
|∇v| = O(|x|− 32 ).
In the next step we want to analyse the asymptotic behaviour of the solution to
the Navier-Stokes equations in Ωh, where we want to find a wake with the shape of
a half paraboloid, where the decay is slower than outside the wake. Again we can
use all the results known for the solution to the Navier-Stokes equations in exterior
domains. These results can be found in [Gal11, Remark X.8.1].
From [Gal11, Remark VII.6.1] we know the asymptotic behaviour of the Oseen
fundamental solution. We therefore have to estimate the terms in the asymptotic
representation formula in dependence of the angle ϕ between ψ(x) and the positively
directed x˜1-axis.
We want to proof a faster rate of decay for x ∈ Ωh with 1 − cosϕ ≥ |ψ(x)|−1+2σ,
σ ∈ [0; 12], cos(ϕ) = (ψ(x))1|ψ(x)| .
Lemma 6.2. Let v ∈ D1,2σ,Γ(Ωh) be a solution to the Navier-Stokes equations in Ωh,
|h(x′)| ≤ c|∇E(x′, 0)|+ c|ψ(x′, 0)|−2+ for large |x′|. Then we have for σ ∈ [0; 12]
|u(x)| ≤ c|ψ(x)|1−δ+2σ for (|ψ(x)| − ψ(x)1) ≥ |ψ(x)|
2σ.
Proof. We already showed in the previous Lemma that u has a decay of the same
type as the Oseen fundamental solution. In the asymptotic representation formula
uk(x) = [det∇ψ(x)] ∂kφj(ψ(x))(
MiEij(ψ(x)) +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x)
)
the factor [det∇ψ(x)] ∂kφj(ψ(x)) is of the form 1 + O(h) and can therefore be
replaced by a constant in the estimate for the asymptotic behaviour.
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From [Gal11, VII.3.26] we know that for 1− cosϕ ≥ |ψ(x)|−1+2σ
|E(ψ(x))| ≤ c|ψ(x)|1+2σ
and from [Gal11, VII.3.31] we can calculate the asymptotic behaviour of |∇E|. With
s :=
1
2µ
|z|
(
1− z1|z|
)
we have ∣∣∣∣∂E(z)∂zi
∣∣∣∣ ≤ c|z|3/2
(
1− e−s − se−s
s3/2
+
1
|z|1/2
1− e−s
s
)
, for i = 1, 2,∣∣∣∣∂E(z)∂z1
∣∣∣∣ ≤ c|z|2 1− e−ss
and as
s ≥ 1
2µ
|z|σ for 1− z1|z| ≥ |z|
−1+2σ
we have the following estimates ∣∣∣∣∂E(z)∂zi
∣∣∣∣ ≤ c|z| 32 +σ∣∣∣∣∂E(z)∂z1
∣∣∣∣ ≤ c|z|2+2σ .
For the velocity u = v−v∞ we obtain in the domain Ωh∩
{
1− cos(ϕ) ≥ |ψ(x)|−1+2σ}
|u(x)| ≤ c|ψ(x)|1+2σ +R
∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ + sj(x).
It remains to show a faster decay for
∫
E Eij(ψ(x) − y˜)u˜l(y˜)∂lu˜i(y˜) dy˜ and sj(x) for
1− cos(ϕ) ≥ |ψ(x)|−1+2σ.
First we remark, that if we integrate by parts we can consider the term∫
E
∂lEij(ψ(x)− y˜)u˜l(y˜)u˜i(y˜) dy˜
instead of ∫
E
Eij(ψ(x)− y˜)u˜l(y˜)∂lu˜i(y˜) dy˜.
Again we use the proof of [Gal11, Theorem X.8.1] and obtain the estimate∣∣∣∣∫E ∂lEij(ψ(x)− y˜)u˜l(y˜)u˜i(y˜) dy˜
∣∣∣∣ = O (|ψ(x)|−3/2+δ) .
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If 1 − cos(ϕ) ≥ |ψ(x)|−1+2σ we can even use a result of Finn ([Fin59, Theorem 8])
to get ∣∣∣∣∫E ∂lEij(ψ(x)− y˜)u˜l(y˜)u˜i(y˜) dy˜
∣∣∣∣ = O (|ψ(x)|−3/2+δ−2σ) .
To estimate sj(x) we have to analyse as before only the integral that is different in
our case than in an exterior domain. Again we have to take into account, that the
right hand side of the equations in E does not have compact support but depends
on the transform ψ and therefore on the surface function h. But here we can take
advantage of the fact that also h shows a faster rate of decay for |x′| with
x = (x′, h(x′)) ∈ {x ∈ ∂Ωh| 1− cos(ϕ′) ≥ |ψ(x′, h(x′))|−1+2σ} ,
where ϕ′ is the angle between a ray to ψ(x′, h(x′)) and the x˜1-axis.
We obtain∫
{
<|ψ(x)′−y˜′|< |ψ(x)′|
2
}
∩{|y˜3|<2δ}\Bψ(x)−1 (x)
(|Eij(ψ(x)− y˜)|h(y˜))−3/2 dy˜
≤
∫
{
<|ψ(x)′−y˜′|< |ψ(x)′|
2
}
∩{|y˜3|<2δ}\Bψ(x)−1 (x)
|y˜|−9/4+3/2δ−3σ |ψ(x)− y˜|−3/2−3σ dy˜
≤ c|ψ(x)|−9/4
∫
{
<|ψ(x)−y˜|< |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)− y˜|−3/2−3σ dy˜
≤ c|ψ(x)|−9/4
∫ |ψ(x)|
2

(
r−3/2−3σ
)
r dr
≤ c|ψ(x)|−9/4
∫ |ψ(x)|
2

r−1/2−3σ dr
≤ c|ψ(x)|−9/4|ψ(x)|1/2−3σ
≤ c|ψ(x)|−7/4−3σ
and ∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
(|E(ψ(x)− y˜)||h(y˜)|)−3/2 dy˜
≤ c
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)− y˜|−3/2−3σ|y˜|−9/4 dy˜
≤ c
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|ψ(x)|−3/2−3σ|y˜|−9/4 dy˜
≤ c|ψ(x)|−3/2−3σ
∫
E∩
{
|ψ(x)−y˜|≥ |ψ(x)|
2
}
∩{|y˜3|<2δ}
|y˜|−9/4 dy˜
≤ c|ψ(x)|−3/2−3σ
∫ ∞
1
r−5/4 dr
≤ c|ψ(x)|−3/2−3σ.
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If we collect these estimates we obtain the following asymptotic behaviour for
1− cos(ϕ) ≥ |ψ(x)|−1+2σ:
|u| = O(|E|) +O
(
|ψ(x)|−3/2+δ−2σ
)
.
We still want to find an asymptotic estimate for the gradient of the velocity inside
and outside the wake region. This makes sense, because we will show in the next
part of this chapter that for large values of x′ the height function h of the surface
of the fluid can be estimated with the help of the stress tensor. So if we analyse the
behaviour of h, we first have to take a closer look at the gradient of the velocity.
From [Gal11, (X.8.38)] we know that outside the wake region the estimate for
the gradient of the solution to the Navier-Stokes equations can be improved to
O
(|∇E(x)|+ |x|−2+) for a small  > 0.
We therefore have to show this sharper estimate for the additional term in the
representation formula for the solution to the free boundary value problem, namely
the term containing the right hand side F .
So our aim is to show that
∂m
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜ = O
(|∇E(x)|+ |x|−2+) .
As for the uniform estimate we have
∂m
∫
E
Eij(ψ(x)− y˜)Fi(y˜) dy˜
=
(∫
E\B1(ψ(x))
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜ −
∫
∂B1(ψ(x))
Eij(ψ(x)− y˜)Fi(y˜)nm dσy˜
−
∫
B1(ψ(x))
Eij(ψ(x)− y˜)∂mFi(y˜) dy˜
)
∂mψ(x)
and for
F = A−1A˜∇f˜ + (1−A−1A)∇p˜+ (1−A−1a−1)u˜ · ∇u˜
−A−1B˜u˜+ νA−1∇A∇u˜+ νA−1B∇u˜+A−1Cu˜
there holds
F ≤ ch(y˜) [∇p˜+ u˜+∇u˜+ u˜ · ∇u˜]
and supp (F ) ⊂ {|x˜3| ≤ 2δ} for some δ > 0.
45
6 Asymptotic behaviour of the solution
Now we can use the estimates for |u| to obtain
|F | ≤ ch(y˜)
[
|x′|−3/2+δ−2σ + |∇u˜|
]
.
For the first integral ∫
E\B1(ψ(x))
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜
we have ∫
E\B1(ψ(x))
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜
=
∫
E\B1(ψ(x))∩{|ψ(x)−y˜|<ψ(x)}
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜
+
∫
E\B1(ψ(x))∩{|ψ(x)−y˜|>ψ(x)}
∂mEij(ψ(x)− y˜)Fi(y˜) dy˜
≤ c|F (ψ(x))|
∫
E\B1(ψ(x))∩{|ψ(x)−y˜|<ψ(x)}
∂mEij(ψ(x)− y˜) dy˜
+ |∇E(ψ(x))|
∫
E\B1(ψ(x))∩{|ψ(x)−y˜|>ψ(x)}
Fi(y˜) dy˜
≤ c(|∇E|+ |x|−9/4).
For the remaining two integrals we use again the fact, that the domain of integration
is bounded and the asymptotic structure of F . This leads to the asymptotic estimate
|∇u| = O (|∇E|+ |x|−2+) .
Remark 6.3. The estimate above is certainly not sharp, because we did not use
either the fact that Finn gives better estimates for the gradient of the solution to the
Navier-Stokes equations in an exterior domain nor the boundedness of the support
of F in the x˜3-dimension.
6.2 Decay of the surface function
We want to show a certain decay of the surface function h for |x′| → ∞ in dependence
of the decay of the velocity v. Our aim is to reproduce the behaviour of h, that we
assumed in the last chapter, if we premise that
|u| = O(|E|) +O
(
|ψ(x)|−3/2+δ−2σ
)
and
|∇v| = O(|∇E|+ |x|−2+).
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This is important in the iteration process if we want to solve the free boundary
problem: We first assume, that h is planar. This leads to a certain decay of the
velocity. We use the decay of the velocity to establish an estimate for the rate
of decay of the - in the second iteration step no longer planar - function h. This
estimate is necessary to confirm the asymptotic behaviour of the velocity in the
second step and so on.
From [BGK11] we know that h satisfies
n · T (v, p) · n+ ρgh = 2κH(h),
where H(h) is the mean curvature
H(h) := ∇ · ∇h√
1 + |∇h|2
of h.
To estimate the surface function we use a maximum principle and compare h with
a solution to the mean curvature equation
∇ · ∇hˆ√
1 + |∇hˆ|2
= ρghˆ.
For this solution we have an exponential decay (see [Sie80, (4)])
hˆ = C(γ)e−|x
′||x′|−1/2
where γ is the contact angle between the surface and the floating body.
The following maximum principle is based on a result of Concus and Finn and can
be found in [Tur80]
Theorem 6.4. Let hˆ be a solution of the equation
H(hˆ) = ghˆ in R2 \B.
and let h satisfy
H(h) ≥ ρgh in R2 \B.
In addition we assume that lim|x′|→∞ h = lim|x′|→∞ hˆ = 0 and that the contact angle
of h and hˆ on Σ are the same. Then hˆ(x′) ≥ h(x′) for all x′ ∈ R2 \B .
Now we are able to show the rate of decay of the surface function h.
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Lemma 6.5. Let h : R2 \B → R be a solution to the problem
n · T (v, p) · n+ ρgh = H(h)
where
|∇v| = O(|∇E|+ |x|−2+) and p = O(e).
Then
h = O(|∇E|+ |x|−2+)
where (E, e) is the fundamental solution to the Oseen equations.
Proof. We assume that for every fixed c ∈ R there exits x′0 ∈ R2 \ B such that for
all |x′| > |x′0| there holds h ≥ c|∇v(x′, 0)|.
First we consider the set of points of R2 \B where n ·T (v, p) ·n > 0. For these x we
get
H(h) = n · T (v, p) · n+ ρgh ≥ ρgh.
Now we consider the set of points in R2 \B, where n ·T (v, p) ·n < 0. There we have
H(h) = n · T (v, p) · n+ ρgh
= −|n · T (v, p) · n|+ ρgh
≥ −c0|∇E|+ ρgh
≥
(
−c0
c
+ ρg
)
h.
If c is large enough
(− c0c + ρg) > 0. All in all we have
H(h) ≥ c · h
in R2 \B for some constant c > 0. We conclude that h ≤ c|∇E(x′, 0) + |x′|−2+| for
some c > 0 for all x ∈ R2 \B. Then we can use Theorem 6.4 to show that h decays
exponentially fast, which is a contradiction to our assumption.
We still need an estimate for the gradient of the surface function. Since
|∂kh(x′ + βy′)| = 1|yk| |h(x
′ − y′)− h(x′)|
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for some β ∈ [0; 1] we obtain for y′ = x′2
|∂kh
((
1 +
β
2
)
x′
)
| = 2|xk|
∣∣∣∣h(x′2
)
− h(x′)
∣∣∣∣
≤ c 2|x′|
(∣∣∣∣x′2
∣∣∣∣−3/2 + |x′|−3/2
)
≤ c2
(√
8 + 1
) ∣∣∣∣∣1 + β21 + β2
∣∣∣∣∣
−5/2
|x′|−5/2
≤ c2
(√
8 + 1
)
25/2
∣∣∣∣(1 + β2
)
x′
∣∣∣∣−5/2 .
Unfortunately this does not necessarily hold for all β ∈ [0; 1] but if we can show that
|∇h| is monotonously increasing as |x′| → ∞ we obtain
|∂kh
(
x′
) | ≤|∂kh((1 + β
2
)
x′
)
|
≤ c2
(√
8 + 1
)
25/2
∣∣∣∣(1 + β2
)
x′
∣∣∣∣−5/2
≤ c2
(√
8 + 1
)
25/2
∣∣2x′∣∣−5/2
= c2
(√
8 + 1
) ∣∣x′∣∣−5/2
for all |x′| large enough.
Therefore we want to show monotonicity of |∇h| with the help of [Tur80, Theorem
2.1].
We have the additional boundary condition
τ (i)(h) · T (v, p) · n(h) = 0
on Γh. This means, T (v, p) · n(h) is perpendicular to the tangential vectors τ (i)(h),
i = 1, 2. Therefore we can find a function s(h) with
T (v, p) · n(h) = s(h) · k(x′)
for all x ∈ Γh where the s depends only on h and k is a constant with respect to h,
that depends only on the x′-coordinate. Now we are able to write h as a solution
to a differential equation with a right hand side depending only on h and k(x′), we
have
2κH(h) = n(h) · s(h) · k(x′) + ρgh.
If we consider a ray with the direction c|x′r| and redefine s(h) as the rotationally
constant continuation of this ray on R2 \ B we obtain a rotationally symmetric
solution hˆ, that corresponds with h on {x′ ∈ R2 \B| |x′| = c|x′r|, c ∈ R}.
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With [Tur80, Theorem 2.1] this hˆ and its gradient are monotonously decreasing and
so we obtain the uniform estimate
|∇h| = O
(
|x′r|−5/2
)
for every fixed direction c|x′r|. But as this construction can be done for any direction
we get the following pointwise asymptotic estimate for the gradient of the surface
function
|∇h| = O
(
|x′|−5/2
)
.
If we replace the uniform estimate for h by the sharper estimate against the funda-
mental solution or its gradient we obtain
|h| = O (|∇E|+ |x′|−2+) .
This means especially, that we can find a better rate of decay outside the wake
region behind the moving body not only in the velocity of the fluid, but also for the
function h. Note that for the velocity we have a sharp estimate, while for h we do
not know, if the asymptotic behaviour might be better than we can prove with this
indirect method.
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We would like to find a stationary solution to the Navier-Stokes equations in a
domain with a free boundary, which means, that the surface of the fluid is also an
unknown of the problem. The solution then consists of the velocity u ∈ D1,2σ,Γ(Ωh),
the pressure p ∈ L2loc(Ωh) and the surface function h : R2 \B → R, that determines
the domain Ωh. The solution must fulfil the following equations:
−ν∆u+ (u · ∇)u+∇p = f in Ωh
∇ · u = 0 in Ωh
u = −v∞ on ΓB
u · n = −v∞ · n on Γh
τ (i) · T (u, p) · n = 0 on Γh for i = 1, 2
u→ 0 for |x| → ∞
n · T (u, p) · n+ ρgh = 2κH on Γh,
where κ is the coefficient of surface tension and H is the mean curvature of the
surface Γh
H := ∇ · ∇h√
1 + |∇h|2 .
To show existence of a solution to this problem we first assume h ≡ 0 and solve the
Navier-Stokes equations in the fixed domain Ω0. Then we use the results of [Sch75]
and [BGK11] to calculate the position of the body in the fluid. As we have the
coordinate system attached to the body, this gives us the whetted part of the body
ΓB. We use the equation n ·T (u, p) ·n+ ρgh = 2κH, to calculate the new surface of
the fluid, given by the function h, depending on u and p. Now we can start from the
beginning with showing existence of a solution to the Navier-Stokes equations in the
new domain Ωh. This iteration process gives us a sequence of solutions uk, pk, hk.
Our aim is now to show convergence of this sequence.
As we start from a flat domain, we can assume, that
h = O
(
|x′|−3/2
)
for |x′| → ∞. h vanishes for large |x3|. This leads to
u = O
(|x|−1) , ∇u = O (|x|−3/2) ,
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which ensures the assumption on h in the next step of iteration.
More precisely we have
h = O
(|∇E|+ |x′|−2+)
and
|∇u| = O (|∇E|+ |x′|−2+)
for |x| → ∞ .
We consider the equations for the velocity and the pressure in the first step of the
iteration problem
−ν∆uk+1 + (uk+1 · ∇)uk+1 +∇pk+1 = f in Ωhk
∇ · uk+1 = 0 in Ωhk
uk+1 = −v∞ on ΓBk
uk+1 · n = −v∞ · n on Γhk
τ
(i)
k · T (uk+1, pk+1) · nk = 0 on Γhk for i = 1, 2,
uk+1 → 0 for |x| → ∞,
and in the second step the equations for the new surface function.
nk · T (uk+1, pk+1) · nk + ghk+1 = 2κ∇ · ∇hk+1√
1 + |∇hk+1|2
on Γhk .
Notice, that ΓBk+1 is the result of a variational approach of [BGK11]. Based on
works of Schaeffer (see [Sch75]) and Dervieux (see [Der81]) Bemelmans, Kyed and
Galdi prove with the hard implicit function theorem, that the function hk depends
continuously on the data. This applies in every step of iteration.
Now we show convergence to the sequence of solutions with the help of Banach’s
fixed point theorem.
Theorem 7.1. The sequence (uk, pk, hk) defined above is convergent with a limit
(u, p, h) ∈W 1,2σ,Γ(Ωh)× L2loc(Ωh)× C2(R2 \B).
Proof. We want to use Banach’s fixed point theorem for the mapping
T : (uk, pk, hk)→ (uk+1, pk+1, hk+1).
Therefore we have to show, that T is a contraction mapping, i.e. T maps the
definition set onto itself and
||(uk+1, pk+1, hk+1)− (ul+1, pl+1, hl+1)|| ≤ L||(uk, pk, hk)− (ul, pl, hl)||
for a suitable norm.
52
7 The free boundary value problem
It is clear, that each (uk, pk, hk) for k ≥ 1 is contained in the definition set as well
as in the co-domain. It remains to show, that T is Lipschitz continuous with a
Lipschitz constant L < 1.
We estimate the differences |uk+1 − ul+1|, |pk+1 − pl+1| and |hk+1 − hl+1| separately
in suitable norms. As uk+1, ul+1, pk+1 and pl+1 are not defined on the same domain,
we first have to transform the velocity and the pressure onto the reference domain
S with the help of Piola’s transform:
u˜j(x˜) := [det∇ψj(φj(x˜))]−1∇ψj(φj(x˜))uj(φj(x˜)).
Then u˜k+1 and u˜l+1 are solutions of the transformed Navier-Stokes equations on S:
− ν∆u˜k+1 + (u˜k+1 · ∇)u˜k+1 +∇p˜k+1
= A−1k+1A˜k+1∇f˜k+1 + (1−A−1k+1Ak+1)∇p˜k+1 + (1−A−1k+1a−1k+1)u˜k+1 · ∇u˜k+1
−A−1k+1B˜k+1u˜k+1 + νA−1k+1∇Ak+1∇u˜k+1 + νA−1k+1Bk+1∇u˜k+1 +A−1k+1Ck+1u˜k+1
and
− ν∆u˜l+1 + (u˜l+1 · ∇)u˜l+1 +∇p˜l+1
= A−1l+1A˜l+1∇f˜l+1 + (1−A−1l+1Al+1)∇p˜l+1 + (1−A−1l+1a−1l+1)u˜l+1 · ∇u˜l+1
−A−1l+1B˜l+1u˜l+1 + νA−1l+1∇Al+1∇u˜l+1 + νA−1l+1Bl+1∇u˜l+1 +A−1l+1Cl+1u˜l+1.
For the difference of u˜k+1 and u˜l+1 we can use the fact that
au− bv = a(u− v)− (b− a)v
53
7 The free boundary value problem
to get
− ν∆(u˜k+1 − u˜l+1) +∇(p˜k+1 − p˜l+1)
= A−1k+1A˜k+1∇f˜k+1 + (1−A−1k+1Ak+1)∇p˜k+1 + (1−A−1k+1a−1k+1)u˜k+1 · ∇u˜k+1
−A−1k+1B˜k+1u˜k+1 + νA−1k+1∇Ak+1∇u˜k+1 + νA−1k+1Bk+1∇u˜k+1 +A−1k+1Ck+1u˜k+1
− [A−1l+1A˜∇f˜l+1 + (1−A−1l+1Al+1)∇p˜l+1 + (1−A−1l+1a−1l+1)u˜l+1 · ∇u˜l+1
−A−1l+1B˜l+1u˜l+1 + νA−1l+1∇Al+1∇u˜l+1 + νA−1l+1Bl+1∇u˜l+1 +A−1l+1Cl+1u˜l+1]
− (u˜k+1 · ∇)u˜k+1 + (u˜l+1 · ∇)u˜l+1
= A−1k+1A˜k+1∇(f˜k+1 − f˜l+1) + (1−A−1k+1Ak+1)∇(p˜k+1 − p˜l+1)
+ (1−A−1k+1a−1k+1)u˜k+1 · ∇u˜k+1
−A−1k+1B˜k+1(u˜k+1 − u˜l+1) + νA−1k+1∇Ak+1∇(u˜k+1 − u˜l+1)
+ νA−1k+1Bk+1∇(u˜k+1 − u˜l+1) +A−1k+1Ck+1(u˜k+1 − u˜l+1)
− (A−1l+1A˜l+1 −A−1k+1A˜k+1)∇f˜l+1 − (−A−1l+1Al+1 +A−1k+1Ak+1)∇p˜l+1
− (1−A−1l+1a−1l+1)u˜l+1 · ∇u˜l+1
+ (A−1l+1B˜l+1 −A−1k+1B˜k+1)u˜l+1 − ν(A−1l+1∇Al+1 −A−1k+1∇Ak+1)∇u˜l+1
− ν(A−1l+1Bl+1 −A−1k+1Bk+1)∇u˜l+1 − (A−1l+1Cl+1 −A−1k+1Ck+1)u˜l+1
− (u˜k+1 · ∇)u˜k+1 − (u˜l+1 · ∇)u˜l+1.
For the nonlinear terms we can write
(1−A−1k+1a−1k+1)u˜k+1 · ∇u˜k+1 − (1−A−1l+1a−1l+1)u˜l+1 · ∇u˜l+1
= (1−A−1k+1a−1k+1)(u˜k+1 · ∇u˜k+1 − u˜l+1 · ∇u˜l+1)
− (A−1l+1a−1l+1 −A−1k+1a−1k+1)u˜l+1 · ∇u˜l+1
= (1−A−1k+1a−1k+1)(u˜k+1 · ∇(u˜k+1 − u˜l+1)− (u˜l+1 − u˜k+1) · ∇u˜l+1)
− (A−1l+1a−1l+1 −A−1k+1a−1k+1)u˜l+1 · ∇u˜l+1
= (1−A−1k+1a−1k+1)(u˜k+1 · ∇)(u˜k+1 − u˜l+1)
− (1−A−1k+1a−1k+1)(u˜l+1 − u˜k+1) · ∇u˜l+1
− (A−1l+1a−1l+1 −A−1k+1a−1k+1)u˜l+1 · ∇u˜l+1
and
− (u˜k+1 · ∇)u˜k+1 + (u˜l+1 · ∇)u˜l+1
= −(u˜k+1 · ∇)(u˜k+1 − u˜l+1) + (u˜l+1 − u˜k+1) · ∇u˜l+1.
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Then we have
− ν∆(u˜k+1 − u˜l+1) +∇(p˜k+1 − p˜l+1)
= A−1k+1A˜k+1∇(f˜k+1 − f˜l+1) + (1−A−1k+1Ak+1)∇(p˜k+1 − p˜l+1)
−A−1k+1B˜k+1(u˜k+1 − u˜l+1) + νA−1k+1∇Ak+1∇(u˜k+1 − u˜l+1)
+ νA−1k+1Bk+1∇(u˜k+1 − u˜l+1) +A−1k+1Ck+1(u˜k+1 − u˜l+1)
− (A−1l+1A˜l+1 −A−1k+1A˜k+1)∇f˜l+1 − (−A−1l+1Al+1 +A−1k+1Ak+1)∇p˜l+1
+ (A−1l+1B˜l+1 −A−1k+1B˜k+1)u˜l+1 − ν(A−1l+1∇Al+1 −A−1k+1∇Ak+1)∇u˜l+1
− ν(A−1l+1Bl+1 −A−1k+1Bk+1)∇u˜l+1 − (A−1l+1Cl+1 −A−1k+1Ck+1)u˜l+1
+ (1−A−1k+1a−1k+1)(u˜k+1 · ∇)(u˜k+1 − u˜l+1)
− (1−A−1k+1a−1k+1)(u˜l+1 − u˜k+1) · ∇u˜l+1
− (A−1l+1a−1l+1 −A−1k+1a−1k+1)u˜l+1 · ∇u˜l+1
− (u˜k+1 · ∇)(u˜k+1 − u˜l+1) + (u˜l+1 − u˜k+1) · ∇u˜l+1
=: F.
If we use the reflection argument from above, we obtain that u˜k+1−u˜l+1 is a solution
to the Stokes equations in S and also in E := R3 \B1(0).
In addition there holds
∇ · (u˜k+1 − u˜l+1) = 0
in S and for the symmetric extension also in R3 \ B1(0). On the boundary ∂B1(0)
we have homogeneous Dirichlet boundary conditions
u˜k+1 − u˜l+1 = 0.
Now we can estimate |u˜k+1 − u˜l+1| and |p˜k+1 − p˜l+1| by the right hand side of the
above Stokes equations ([Gal11, Theorem V.2.1]):
||∇(u˜k+1 − u˜l+1)||L2(E) + ||p˜k+1 − p˜l+1||L2(E) ≤ c(ν)||F ||L2(E),
where the constant c(ν) gets smaller if ν gets larger (see for example [Gal11, Theorem
VII.2.1], the Reynolds number R is inversely proportional to ν).
The right hand side F now has to be estimated by terms like ||u˜k+1 − u˜l+1|| and
||p˜k+1− p˜l+1|| multiplied by a small constant, so we can subtract them from the left
hand side without getting a negative factor or terms of the form ||h˜k − h˜l||. Those
terms will be estimated in the next step by ||u˜k − u˜l|| and ||p˜k − p˜l||.
We estimate the occurring terms separately:
||A−1k+1A˜k+1∇(f˜k+1 − f˜l+1)||L2(S) ≤ c||f˜k+1 − f˜l+1||L3(S)
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and in the same way
||(1−A−1k+1Ak+1)∇(p˜k+1 − p˜l+1)||L2(S) ≤ c||hkη||L∞(S)||∇(p˜k+1 − p˜l+1)||L2(S)
||A−1k+1B˜k+1(u˜k+1 − u˜l+1)||L2(S) + ||A−1k+1Ck+1(u˜k+1 − u˜l+1)||L2(S)
≤ c||hkη||L6(S)||u˜k+1 − u˜l+1||L3(S)
||A−1k+1∇Ak+1∇(u˜k+1 − u˜l+1)||L2(S) + ||A−1k+1Bk+1∇(u˜k+1 − u˜l+1)||L2(S)
≤ c||hkη||L∞(S)||∇(u˜k+1 − u˜l+1)||L2(S)
and
||(A−1l+1A˜l+1 −A−1k+1A˜k+1)∇f˜l+1||L2(S) ≤ c||(hk − hl)η||L2(S)||f˜l+1||L∞(S)
||(A−1l+1Al+1 +A−1k+1Ak+1)∇p˜l+1||L2(S) ≤ c||(hk − hl)η||L2(S)||p˜l+1||L∞(S)
||(A−1l+1Cl+1 −A−1k+1Ck+1)u˜l+1||L2(S) + ||(A−1l+1B˜l+1 −A−1k+1B˜k+1)u˜l+1||L2(S)
≤ c||(hk − hl)η||L2(S)||u˜l+1||L∞(S)
|| [|(A−1l+1∇Al+1 −A−1k+1∇Ak+1)|+ |(A−1l+1Bl+1 −A−1k+1Bk+1)|]∇u˜l+1||L2(S)
≤ c||(hk − hl)η||L2(S)||∇u˜l+1||L∞(S)
and
||(1−A−1k+1a−1k+1)(u˜k+1 · ∇)(u˜k+1 − u˜l+1)||L2(S)
≤ c||hkη||L∞(S)||uk+1||L∞(S)||∇(u˜k+1 − u˜l+1)||L2(S)
||(1−A−1k+1a−1k+1)(u˜l+1 − u˜k+1) · ∇u˜l+1||L2(S)
≤ c||hkη||L6(S)||∇u˜l+1||L∞(S)||u˜k+1 − u˜l+1||L3(S)
||(A−1l+1a−1l+1 −A−1k+1a−1k+1)u˜l+1 · ∇u˜l+1||L2(S)
≤ c||(hk − hl)η||L2(S)||∇u˜l+1||L∞(S)||u˜l+1||L∞(S)
||(u˜k+1 · ∇)(u˜k+1 − u˜l+1)||L2(S)
≤ c||u˜k+1||L∞(S)||∇(u˜k+1 − u˜l+1)||L2(S)
||(u˜l+1 − u˜k+1) · ∇u˜l+1||L2(S)
≤ c||u˜l+1 − u˜k+1||L3(S)||∇u˜l+1||L6(S).
Now we have to show that the occurring norms of uk, pk and hk are uniformly
bounded. Because of the estimate (3.2) from the existence theorem we have for each
k ∈ N
||u˜k||L3(S) ≤ c(ν)|f˜ |D−1,2(S)||hk−1||L2(S)
and
|p˜k|D1,2(S) ≤ c(ν)|f˜ |D−1,2(S)||hk−1||L2(S).
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Again the constant c(ν) decreases for large vales of ν. For the surface function hk
we have
hk ≤ c
(|∇E|+ |x′|−2+)
and especially
||hk||L2(S) ≤ |uk|D1,2(S).
If we start with a flat surface function h0 we can now easily deduce the uniform
bound for the pressure and the velocity for all k ∈ N.
We obtain
||u˜k+1 − u˜l+1||L3(S) + ||∇(p˜k+1 − p˜l+1)||L2(S) ≤ c(ν)||hk − hl||L2(S).
Now we want to estimate the difference ||hk−hl||L2(S) in dependence of ||u˜k−u˜l||L3(S)
and ||∇(p˜k− p˜l)||L2(S). We use the same approach as in [Gel91, Lemma 5.1.4], where
we replace the Hoelder norms by suitable Lebesgue norms. We obtain with [Gel91,
Lemma 5.1.4]:
||hk − hl||L2(S) ≤ c
(||u˜k − u˜l||L3(S) + ||∇(p˜k − p˜l)||L2(S)) .
If we combine the estimates for the velocity, the pressure and the surface function,
we can show, that the mapping T is a contraction. We have
||uk+1 − ul+1||L3(S) + ||pk+1 − pl+1||L2(S) + ||hk+1 − hl+1||L2(S)
≤ L (||uk − ul||L3(S) + ||pk − pl||L2(S) + ||hk − hl||L2(S)) .
The constant L depends on the viscosity ν and gets small for large values of ν,
especially L < 1.
With Banach’s fixed point theorem the sequence (uk, pk, hk) has a limit
(u, p, h) ∈ D1,2(Ωh)× L2loc(Ωh)× C2(R2 \B).
This limit is a solution to the free boundary value problem.
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In this chapter we consider a two dimensional problem that is similar to the three
dimensional free boundary value problem in a half space. In the three dimensional
case we did not consider the influence of a possible bottom of the domain filled with
fluid on the decay behind the moving body. One would expect a better rate of decay,
because of the no-slip boundary-condition on the additional boundary part.
For the two dimensional case it is possible to show an exponential decay of the
solution to this problem. The techniques to solve the free boundary value problem
are the same as in the three dimensional case. The only difference is the rate of
decay of the solution in the reflected domain. In the three dimensional case, where
we considered a half space, this was an exterior domain, where we already have a
precise analysis of the asymptotic behaviour of the solution due to Galdi and to
Finn. In the case where we add a bottom to the domain, we have to consider a layer
with two fixed flat boundaries as the reflected reference domain, where the body is
moving in the middle between those parallel planes.
In the two dimensional case we therefore consider a disc moving with constant ve-
locity between two parallel lines.
−v∞
Figure 8.1: Moving body between two parallel lines
We want to prove that the velocity of the fluid decays exponentially fast as |x1| goes
to infinity. Again we consider the asymptotic behaviour in front of and behind the
body separately. We would expect, that the rate of decay is better in front of the
body than behind it. In fact our method gives a better constant in the exponent for
x1 → −∞, but we are not able to exclude, that the same behaviour is also shown
by the velocity behind the body.
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Let B be the disc with C∞-boundary and Γ0 := R × {0} and Γ1 := R × {1} the
bottom line and the top line of the layer respectively. The disc is moving with the
constant velocity v∞ in the direction of the negative x1-axis. Let Ω := [R×(0, 1)]\B
be the domain filled with fluid.
The method that is used to prove the following theorem is the same as in [Gal94a].
To show the rate of decay and the existence of the wake we first consider the Oseen
equations to reformulate the problem
−ν∆u+ u · ∇u+∇p = f in Ω (8.1)
∇ · u = 0 in Ω (8.2)
v = v∞ on Γ0 ∪ Γ1 (8.3)
v = 0 on ΓB (8.4)
v → v∞ for |x1| → ∞, (8.5)
to make sure that v → 0 for |x| → ∞. We set u = v − v∞ and obtain
−ν∆v + v · ∇v + ∂v
∂x1
+∇p = f in Ω (8.6)
∇ · v = 0 in Ω (8.7)
v = 0 on Γ0 ∪ Γ1 (8.8)
v = −v∞ on ΓB (8.9)
v → 0 for |x1| → ∞, (8.10)
where we assume that v∞ = (1, 0)T . The nonlinear term will be considered in a
second step, so we first analyse only the Oseen equations.
Theorem 8.1. Let v ∈W 1,2(Ω) be a solution to the Oseen problem
−ν∆v + ∂v
∂x1
+∇p = f in Ω (8.11)
∇ · v = 0 in Ω (8.12)
v = 0 on Γ0 ∪ Γ1 (8.13)
v = −v∞ on ΓB (8.14)
v → 0 for |x1| → ∞, (8.15)
where v∞ =
(
1
0
)
without loss of generality and f ∈ W 1,20 (Ω) is a function with
compact support in Ω. Then v decays exponentially for |x1| → ∞ and we have
|v(x)|+ |∇v(x)| = O
(
e−K2|x1|
)
with a constant K2 > 0.
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Proof. We first want to write the equations with homogeneous boundary conditions.
As v∞ is constant we have ∫
ΓB
v∞ · ndσ = 0
and with [Gal94a, Exercise III.3.4.] we get a function ξ ∈W 1,2(Ωρ), ρ < 1 with
∇ · ξ = 0 in Ωρ
ξ = −v∞ on ΓB
ξ = 0 on ∂B1/2(0, 1)
||ξ||W 1,2(Ωρ) ≤ |ΓB||v∞|,
where Ωρ := {x ∈ Ω| |x1| < ρ}.
On Ω \ Ωρ we set ξ ≡ 0. Then we have ([Gal94a, Theorem II.3.2.])
||ξ||W 1,2(Ω) ≤ |ΓB||v∞|.
We set v = u+ ξ and get the equations
−ν∆u+ ∂1u+∇p = ν∆ξ − ξ∂1ξ + f in Ω
∇ · u = 0 in Ω
u = 0 on ΓB ∪ Γ0 ∪ Γ1.
The functions f and ξ are of compact support in Ω, so we get for x1 large enough
−ν∆u+ ∂1u+∇p = 0 in {x ∈ Ω|x1 > T} (8.16)
∇ · u = 0 in {x ∈ Ω|x1 > T} (8.17)
u = 0 on {x ∈ (Γ0 ∪ Γ1)|x1 > T}, (8.18)
where T = supx∈Ω{x1 ∈ R| f(x1, x2) 6= 0, ξ(x1, x2) 6= 0}.
In the next step we want to find an estimate for the Dirichlet integral of the velocity
u on a bounded domain.
We define ΩR,r by
ΩR,r := {x ∈ Ω|T < R < x1 < r}
and get ∫
ΩR,r
|∇u|2 dx = −1
ν
∫
ΩR,r
∂
∂x1
ujuj dx− 1
ν
∫
ΩR,r
∂
∂xj
puj dx
+
∫
Sr
∂
∂x1
ujuj dσ −
∫
SR
∂
∂x1
ujuj dσ,
where Sa := {x ∈ Ω|x1 = a}.
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SR Sr
ΩR,r
Figure 8.2: The domain ΩR,r
For the integrals on the right hand side we have
−
∫
ΩR,r
∂
∂x1
ujuj dx =
1
2
∫
SR
|u|2 dσ − 1
2
∫
Sr
|u|2 dσ
and
−
∫
ΩR,r
∂
∂xj
puj dx =
∫
SR
pu1 dσ −
∫
Sr
pu1 dσ.
As u ∈ L2(Ω) we get for r →∞∫
ΩR
|∇u|2 dx = 1
2ν
∫
SR
|u|2 dσ + 1
ν
∫
SR
pu1 dσ −
∫
SR
∂
∂x1
ujuj dσ
where ΩR := {x ∈ Ω| 0 ≤ R < x1}.
Our aim is to find an estimate for the Dirichlet integral of the velocity by finding a
solution to an ordinary differential inequality. We set
G(R) :=
∫
ΩR
|∇u|2 dx.
Then
G′(R) = −
∫
SR
|∇u|2 dσ.
We follow the proof in [Gal94a, Theorem VI.2.2] and integrate G(R) from t + l to
t+ l + 1, with t > T , l > 0∫ t+l+1
t+l
G(R) dR =
1
ν
∫
Ωt+l,t+l+1
pu1 +
1
2
|u|2 dx−
∫ t+l+1
t+l
∫
SR
∂
∂x1
ujuj dσdR.
The term
∫
Ωt+l,t+l+1 pu1 dx needs a special treatment and so we consider the problem
∇ · ω = u1 in Ωt+l,t+l+1
ω ∈W 1,20
(
Ωt+l,t+l+1
)
|ω|D1,2(Ωt+l,t+l+1) ≤ c1||u1||L2(Ωt+l,t+l+1).
61
8 The two dimensional problem in a layer
As ∇ · u = 0 in Ω we have
0 =
∫
Ωt+l,t+l+s
∇ · u dx = −
∫
St+l
u1 dσ +
∫
St+l+s
u1 dσ = 0.
For s → ∞ this yields to ∫St+l u1 dσ = 0 and therefore ∫Ωt+l,t+l+1 u1 dσ = 0. With
[Gal94a, Theorem III.3.1] there exists a solution ω to the above problem. We choose
c0 as the maximum of c1 over all possible domains Ω
t+l,t+l+1.
In Sa we have the following Poincare´-inequality (see [Gal08])∫
Sa
|u|2 dx ≤ µ2
∫
Sa
|∇u|2 ds ∀a ∈ R
where µ is the first eigenvalue of the Laplace operator.
We get the estimate∫ t+l+1
t+l
G(R) dR =
1
ν
∫
Ωt+l,t+l+1
pu1 +
1
2
|u|2 dx−
∫ t+l+1
t+l
∫
SR
∂
∂x1
ujuj dσdR
=
1
ν
∫
Ωt+l,t+l+1
− ∂
∂xj
pωj +
1
2
|u|2 dx
−
∫
St+l+1
1
2
|uj |2 dσ +
∫
St+l
1
2
|uj |2 dσ
=
1
ν
∫
Ωt+l,t+l+1
−(ν ∂
2
∂x2i
uj − ∂
∂x1
uj)ωj +
1
2
|u|2 dx
−
∫
St+l+1
1
2
|uj |2 dσ +
∫
St+l
1
2
|uj |2 dσ
=
1
ν
∫
Ωt+l,t+l+1
ν
∂
∂xi
uj
∂
∂xi
ωj − uj ∂
∂x1
ωj +
1
2
|u|2 dx
−
∫
St+l+1
1
2
|uj |2 dσ +
∫
St+l
1
2
|uj |2 dσ
≤ µ
ν
(
νc0 + c0µ+
1
2
µ
)
||∇u||2L2(Ωt+l,t+l+1)
− 1
2
||u||2L2(St+l+1) +
1
2
||u||2L2(St+l).
As in the proof of [Gal94a, Theorem VI.2.2] we sum both sides of this relation from
l = 0 to l =∞ to get∫ ∞
t
G(R) dR ≤ µ
ν
(
c0ν + c0µ+
1
2
µ
)
G(t)− 1
2
µ2G′(t),
because
lim
z→∞
∫
Sz
|u|2 dσ = 0.
62
8 The two dimensional problem in a layer
Then we have to solve the ordinary differential inequality
G′(t) +
2
µ2
∫ ∞
t
G(R) dR ≤ 1
νµ
(2c0ν + 2c0µ+ µ)G(t).
By [Gal94a, Lemma VI.2.2.] we get
G(t) ≤ K1||∇u||L2(Ω)e−K2t
with
K1 =
√
b2 + 4a
K2
K2 =
1
2
(√
b2 + 4a− b
)
a =
2
µ2
b =
1
νµ
(2c0ν + 2c0µ+ µ) .
This yields to
|u(x)|+ |∇u(x)| ≤MK1||∇u||L2(Ω)e−K2|x1|
with a constant M > 0.
The Theorem considers the decay behind the moving body. For the velocity in front
of the moving body we can even prove a better rate of decay. If we change the
direction of movement of the body, we can repeat all the steps of the proof but
obtain an estimate for the velocity in front of the body.
Instead of (8.16) we get
−ν∆u− ∂1u+∇p = 0 in {x ∈ Ω|x1 > T}
which leads to∫
ΩR,r
|∇u|2 dx = 1
ν
∫
ΩR,r
∂
∂x1
ujuj dx− 1
ν
∫
ΩR,r
∂
∂xj
puj dx
+
∫
Sr
∂
∂x1
ujuj dσ −
∫
SR
∂
∂x1
ujuj dσ.
For r →∞ we then have a negative L2-Norm of u on the right hand side∫
ΩR
|∇u|2 dx = − 1
2ν
∫
SR
|u|2 dσ + 1
ν
∫
SR
pu1 dσ −
∫
SR
∂
∂x1
ujuj dσ.
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In the estimate for the ordinary differential inequality in G(R) :=
∫
ΩR |∇u|2 dx we
can neglect this term∫ t+l+1
t+l
G(R) dR =
1
ν
∫
Ωt+l,t+l+1
pu1 − 1
2
|u|2 dx−
∫ t+l+1
t+l
∫
SR
∂
∂x1
ujuj dσdR
≤ µ
ν
(νc0 + c0µ) ||∇u||2L2(Ωt+l,t+l+1)
− 1
2
||u||2L2(St+l+1) +
1
2
||u||2L2(St+l).
Following the rest of the proof, we obtain the estimate
|u(x)|+ |∇u(x)| ≤MK˜1||∇u||L2(Ω)e−K˜2|x1|
with M and a as before and
K˜1 =
√
b˜2 + 4a
K˜2
K˜2 =
1
2
(√
b˜2 + 4a− b˜
)
b˜ =
2c0
νµ
(ν + µ) .
Comparing the constants in the exponents we then have
K˜2 =
1
2
√[2c0
νµ
(ν + µ)
]2
+ 4a−
(
2c0
νµ
(ν + µ)
)
instead of
K2 =
1
2
√[ 1
νµ
(2c0ν + 2c0µ+ µ)
]2
+ 4a−
(
1
νµ
(2c0ν + 2c0µ+ µ)
)
and there holds
K˜2 > K2
⇔
√[
1
νµ
(2c0ν + 2c0µ+ µ)
]2
+ 4a+
1
ν
>
√[
2c0
νµ
(ν + µ)
]2
+ 4a.
If the estimates were sharp this would mean, that we have a wake behind the body
like in the three dimensional case. Unfortunately this can not be shown with our
method and would require further investigation.
Remark 8.2. The decay estimates that we get with this method only hold for do-
mains with a finite diameter. If we consider the domain Πd1,d2 := [R2×(−d1, d2)]\B
and let di → ∞ for i = 1 and/or i = 2 the Poincare´-constant µ increases and for
a = 0 the differential inequality does not give any decay estimate behind the body.
In front of the body we find just that |u(x)|+ |∇u| ≤ K3 for a constant K3 > 0.
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With the following Lemma we can also allow a right hand side f ∈ W 1,20 (Ω) that
does not have compact support, but shows a sufficient decay for |x1| → ∞.
Lemma 8.3. Let 0 ≤ y ∈ C1(0.∞), 0 ≤ f ∈ C1(0,∞), with
f ≤ c1e−c2t
where
c1 :=
√
(b+ 1)2 + 4a
c2
and
c2 :=
1
2
(√
(b+ 1)2 + 4a− b− 1
)
satisfy the differential inequality
y′(t) + a
∫ ∞
t
y(s) ds ≤ by(t) + f(t).
Then
y(t) ≤ c1e−c2t
for all t ∈ R+.
Proof. We assume, that y(t) > c1e
−c2t. Then we have by the assumption 0 < f ≤
c1e
−c2t
by(t) + f(t) ≤ by(t) + c1e−c2t ≤ (b+ 1)y(t).
With [Gal11, Lemma VI.2.2] it follows that
y(t) ≤ K1y(0)e−K2t
with
K1 =
√
(b+ 1)2 + 4a
K2
K2 =
1
2
(√
(b+ 1)2 + 4a− b− 1
)
,
which is a contradiction to our assumption.
The method from above can also be used to show the same decay for a problem with
slip boundary conditions, as occur for example in problems with a free boundary.
In what follows we consider a domain
Ωh := {x ∈ R2| 0 < x2 < h(x1)} \B
for a given height h : R → R+, that decays exponentially fast. On the bottom Γ0
we assume no-slip boundary conditions as above, on the upper surface Γh := {x ∈
R2|x2 = h(x1)} we assume slip boundary conditions. The moving body is completely
covered with the fluid.
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Lemma 8.4. Let v ∈W 1,2(Ω) be a solution to the problem
−ν∆v + ∂v
∂x1
+∇p = f in Ωh (8.19)
∇ · v = 0 in Ωh (8.20)
v = 0 on Γ0 (8.21)
v · n = 0 on Γh (8.22)
τ · T (v, p) · n = 0 on Γh (8.23)
v = −v∞ on ΓB (8.24)
v → 0 for |x1| → ∞, (8.25)
where v∞ > 0 is a constant, f ∈ W 1,20 (Ωh) a function with compact support in Ωh
and n and τ are the normal and the tangent vector on the upper surface Γh := {x ∈
R2|x1 ∈ R, x2 = h(x1)} of the domain. We assume that either h(x1) ≤ c1ec2x1 or
the domain is thin, i.e. max1∈R(h(x1) ≤
√
ν2 + 2ν
C2
, where C is the Sobolev-constant
for the domain Ωh ([Gal94a, Theorem II.3.1]). Then v shows an exponential decay
for |x1| → ∞ and we have
|v(x)|+ |∇v(x)| = O
(
e−K2|x1|
)
with a constant K2 > 0.
Proof. We have to check, that the ordinary differential inequality is the same as in
the theorem. We consider the boundary integrals over Γh∫
Γh
∂
∂xi
ujujni dσ and −
∫
Γh
|u|2n1 dσ.
At first we consider the case h ≡ 1. Then the slip-boundary conditions on Γh reduce
to u2 ≡ 0 and ∂∂2u ≡ 0 with the normal components n1 = 0 and n2 = 1 on Γh. We
get ∫
Γh
∂
∂xi
ujujni dσ =
∫
Γh
∂
∂x2
u2u2 +
∂
∂x2
u1u1 dσ = 0
and ∫
Γh
|u|2n1 dσ = 0
and thus the decay is the same as for no-slip boundary conditions on the upper
surface.
For h decaying exponentially fast we map the domain Ωh on the domain Ω with
the help of Piola’s transform. We then get the Oseen equations with a right hand
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side that decays exponentially fast. From Lemma 8.3 and the properties of Piola’s
transform we conclude that u also shows an exponential decay.
For arbitrary h we want to find an estimate of the form∫
ΓRh
∂
∂xi
ujujni − 1
2ν
|u|2n1 dσ ≤ CG(R)
for the additional integrals on ΓRh := {x ∈ Γh|x1 > R}. With the Sobolev embedding
theorem [Gal94a, Theorem II.3.1] and the Poincare´-inequality we have∫
ΓRh
∂
∂xi
ujujni − 1
2ν
|u|2n1 dσ ≤ C2(µ+ µ
2
2ν
)G(R),
where C is the constant of [Gal94a, Theorem II.3.1]. As C2(µ + µ
2
2ν ) < 1 we can
replace
∫∞
t G(R) dR by (1−C2(µ+ µ
2
2ν ))
∫∞
t G(R) dR and the proof is complete.
With the help of a local representation formula we can specify the behaviour of the
velocity in the x2-direction.
Lemma 8.5. Let v ∈ W 1,2(Ω) be a solution to problem (8.11) - (8.15) with f ∈
W 1,20 (Ω) having compact support. Then
|v(x)|+ |∇u(x)| ≤ Cx22(1− x2)2e−K2|x1|
for some constants C > 0 and K2 > 0.
Proof. From [Gal94a, Lemma VII.6.3] we know that for x ∈ Ω with dist(x, ∂Ω) > d
the solution v(x) can be locally represented as
vj(x) =
∫
Bd(x)
E
(d)
ij (x− y)fi(y) dy −
∫
Bd(x)\Bd/2(x)
H(d)ij (x− y)vi(y) dy,
where E
(d)
ij (x− y) is the Oseen-Fujita truncated fundamental solution to the Oseen
equations and H(d)ij (x − y) is an indefinitely differentiable function (for the exact
definition see [Gal94a, (VII.6.11)-(VII.6.12)]).
If f has compact support the first integral vanishes for large |x1|. On the part of
the domain, where d/2 ≤ |x − y| ≤ d the function H(d)ij (x − y) is bounded by some
constant cH and so we get
|vj(x)| =
∫
Bd(x)\Bd/2(x)
H(d)ij (x− y)vi(y) dy
≤ 3
4
pid2cHeK2(−|x1|+x2)
≤ 3picHx22(1− x2)2eK2(−|x1|+x2)
≤ Cx22(1− x2)2e−K2|x1|.
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The same holds for the gradient of v.
If f does not have compact support but decays exponentially fast the first integral
can be estimated as follows with the help of [Gal94a, (VII.3.36)]∫
Bd(x)
E
(d)
ij (x− y)fi(y) dy ≤
(−pid log(d2) + (2 + c0)pid) eK2(x2−|x1|)
≤ Cx2(1− x2)
(− log (x22(1− x2)2)+ 1) eK2(x2−|x1|).
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